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Abstract

This paper formulates and solves the robust H*° control problem for discrete
time nonlinear switching systems. The H° control problem is interpreted as the
lo finite gain control problem and is studied using a dissipative systems theory
for switched systems. Both state and measurement feedback control problems are
formulated as dynamic games and solved using dynamic programming. The par-
tially observed dynamic game corresponding to the measurement feedback control
problem is solved by transforming into a completely observed, full state infinite di-
mensional game problem using information states. Our results are illustrated with
an example.

Keywords: Switching systems, H* control, dissipative systems, information
state, dynamic games, dynamic programming.

1 Introduction

Switching plays a central role in many practical complex dynamical systems such as
chemical processes, automotive processes, electrical systems. The study of switching
systems recently has attracted much attention among the control scientists and engineers
[1], [3], [15], [16] and a theory of switched systems is being developed. A switched system
consists of multiple subsystems and a mechanism for switching between them. Since
the subsystems may be subject to uncertainty and external disturbances, the problem of
robust control system design for switched systems is of importance.
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One approach to robust control system design is via an [y gain criteria. In linear
systems context, this problem is known as the H* robust control problem and has been
the vast amount of research in control theory for past two decades [4], [23], [6] and the
numerous references therein. This problem was generalized to nonlinear systems in [9],
(7], [13], [14], [10], [18]. The nonlinear H> robust control can be formulated and solved
in the framework of dissipative systems theory, game theory and information states [2],
[7], [10], [20].

To date, little research [3], [21] has been reported to study the H* control problem
for hybrid systems in general, nor for the important subclass of switching systems. One
of the difficulties in such a generalization is in the formulation of a meaningful [ gain
for a system involving multiple subsystems. Developing a dissipative systems theory for
switching systems [22] inevitably involves the multiple storage functions which is much
more difficult to deal with than the case of a single storage function.

In this paper, we formulate and solve a robust optimal H* control problem for dis-
crete time nonlinear switching systems. Both state feedback and measurement feedback
problems are considered. Following the general nonlinear H* control framework, we in-
terpret the switching H* control problem to be the problem of achieving a desired [, finite
gain from the disturbances of the subsystems to a performance output. The performance
output captures both subsystem performance and the switching costs. By developing a
version of dissipative systems theory for switching systems, the finite gain analysis and
state feedback control problems are reduced to solving the dissipative equations (inequal-
ities) satisfied by the storage functions. In the case of measurement feedback, we have
to construct an information state observer to represent information relevant to the con-
trol problem and from which the feedback control can be determined. The solution is
expressed in terms of necessary and sufficient conditions. In addition, a certainty equiva-
lence principle is also given.

This paper is organized as follows. Section 2 describes the model of autonomous
switched systems considered in this paper and defines and analyzes the dissipation prop-
erty. Section 3 formulates and the state feedback H® control problem for nonlinear
switching control systems and provides the solution in terms of dynamic programming
equations (inequalities). The measurement feedback H* control problem is studied in
Section 4. In Section 5, an example is given to illustrate the controller design approaches
in this paper. Section 6 concludes the paper.

Below are some notations used in this paper:

wop—1 = {wo, -, We—1}, Yk > 1,

WO,k—l = {w(),k_l cw; €W, 0< 1< k— 1},Vk >1,
Wooo = {Woeo:w; € W},

R = RU{+oc},

R = RU{—o0} U {+o0}.

2 Finite Gain Analysis

In this section we present some analysis tools adapting the framework of dissipative sys-
tems theory to switched systems. In addition to their utility for the analysis of switched
systems, the tools will be used in following sections for controller synthesis.



2.1 System Dynamics

Consider an autonomous switched system G consisting of N subsystems

G, - {Sﬁkﬂ = fi(xk;wk)a (1)

2z = gi(xg).

Here let the subsystems are indexed by a finite set Z = {1,2,---, N}. We take z € R",
w € R? the state and disturbance input for every subsystem. z € R" is the performance
measure which is defined appropriately for the particular problem at hand.

Assumption 2.1 There is at least one equilibrium (x.,i.) € R" X I, that is . =
fie (.Ie, 0)7 0= gie(xe)~

The switches in an autonomous switched system are autonomous switches produced by
a particular switching law (that is fixed or has been designed). There are many different
ways to express the switching law. In this paper, we consider the case when the switching
law is designated by a pair (¢, A)

- {00 LA

where A C R™ x 7 is the switching set designating when a switch occurs. ¢ : R" xZ — 7
is the switching function telling how a switch actually occurs. It is natural to assume

('I€7 Z@) ¢ A

Without loss of generality, we assume there is no more than one switch at each time
step. In the case when the switching law produce more than one switch for a particular
state (x,7), e.g. switch to (x,j;) and then switch to (z, jo), it is equivalent to switch from
(x,1) directly to (x,jo) and we regard ¢(z,i) = jo.

We assume that the switch does not take any time and the continuous state x does
not change when switching (a typical assumption in switching systems). That is, if there
is a switch from subsystem ¢ to j immediately after some time £ > 0, then this does not
cost any time, and the subsequent evolution of the state takes one step time following the
dynamics of subsystem j, xx+1 = fj(x), wi). In another words, at each time step, there
are two actions — first switch to a new subsystem (or keep the same subsystem) and this
does not consume time, then do a continuous evolution (for one time step).

Now with the switching law ¢ given, the switching system dynamics is expressed by
7:k:-I—l - Qb(xk,ik),

Tr41 = fik+1(xk7wk)7 (3)
2k = Gigpr (Th)-

For any initial state (xg, i), any disturbance sequence wy 1, a state trajectory xo and
a performance sequence 2 ;_; are determined.



2.2 Dissipation and Storage Functions

Assuming there is a switching cost associated with each switch.

p(z,i,5) >0 (4)

is used to denote the switching cost when switching from subsystem i to subsystem j and
the continuous state is at . Without loss of generality, we denote p(z,i,i) = 0,Vx €
R",Vi € 7 by which we mean that there is no cost for non-switching.

The following definition can be regarded as a generalization of /5 finite gain notion for
single nonlinear system.

Definition 2.2 The switching system given in (3) has generalized ly finite gain at most
v > 0 if there exist non-negative functions 3° : R™ — R, i € T satisfying % (x.) = 0 such
that

S <+ .
=0 1=0 =0
for any 0 < k, any initial hybrid state (xo,i9) = (x,i) and any disturbance sequence

Wo,k—1-

In an open loop switching system, switching is a type of control action. With a positive
switching cost, we discourage switching when trying to maintain a small gain with respect
to disturbances. For a closed loop switched system, switching is autonomous and is the
discrete part of the hybrid dynamics. The left hand of the gain inequality (5) is the
hybrid cost penalize both continuous evolutions and discrete transitions caused by the
external disturbances. This generalized [? gain formulation is similar to that defined by
Ball, Chudoung and Day [3].

The functions 3¢ in Definition 2.2 are called bias functions which take care of the
effect due to the initial state. It must be non-negative because (5) needs to hold for zero
sequence wg ;1. The above property is some sort of input-output gain property, it is well
known that such properties can be studied through some internal energy like quantities
which are called storage functions.

Definition 2.3 A family of non-negative functions V¢ : R® — R, i € T are called storage
functions of the switching system given in (3) if Vie(x.) = 0 and

k—1

k—1
> (lal” = lwl?) + > plar i i) + Vi (ax) (6)
=0

=0

for any 0 < k, any initial hybrid state (zo,i9) = (x,i) € R" X I, and any disturbance
sequence wo j—1.

Define the available storage functions V! : R® — R, i € Z by

k—1 k—1
V,(x) = sup sup {Z(‘ZJF — 7 lwil*) + Zp(xl,ihilﬂ) LT =Xl = Z} - (M

20 wok-1 {1 1=0



By using standard dynamic programming methods, we can obtain the dynamic program-
ming principle for V. For any 0 < k

k—1 k-1
V,o(xo) = sup {Z(|Zl|2 =V |wn?) + ) ol iy i) + V;’“(Ik)} : (8)

ok 1=0 1=0

Equation (8) shows that V’,i € Z are storage functions when they are finite.

Now we express the [; finite gain property given in Definition 2.2 in terms of storage
functions.

Theorem 2.4 The switching system given in (3) has ls finite gain at most vy according to
Definition 2.2 if and only if there exist storage functions Vi € T as defined in Definition
2.8.

Proor. If the switching system has generalized [y finite gain at most + with bias
functions (3,7 € Z, then Definition 2.2 implies the available storage functions V! < 3¢ are
finite, hence they are storage functions. Conversely, if there are storage functions, then
they should be larger than the available storage functions V' which can be taken as bias
functions on Definition 2.2.

O

2.3 Dynamic Programming Equations and Inequalities (DPE
and DPT)

The storage functions are defined by the inequality (6), but actually it is enough to define
storage functions by considering one-step form of (6) which are the Dynamic programming
inequalities (DPI):

Vi) 2 b {Igocea (@) = 2l + ol 1,00 9) + VI fyafr))} . )

Or equivalently (write the switching and non-switching separately)

Vi) 2 sup {5 (@) — 2l + plad (2 0) + VI fya )} (02i) € A

Vi(z) > Sup. {lg:@)]* = lwl* + V' (filz,w))}, (z,0) & A.
(10)

Theorem 2.5 V¢ : R" — R,i € T are storage functions according to Definition 2.3 if
and only if V'*(z.) = 0,1 € T and they solve inequalities (9).

The Dynamic Programming Equations (DPE) are the one step form of the dynamic
programming principle of the available storage functions (8)

Vi@) sp {lowi (@) = 7wl + pla, i, 6@, 1) + V) foy (@ w))} . (1)

The following two theorems are direct from Definition 2.2, 2.3 and Theorem 2.4.
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Theorem 2.6 (Necessity) If the switching system given in (3) has ly finite gain at most
v according to Definition 2.2, then the available storage functions defined by (7) are finite
everywhere, V'e(z.) = 0, and satisfy the DPE (11).

Theorem 2.7 (Sufficiency) If there exist functions V' i € T such that V'(x.) = 0 and
DPI (9) hold, then the switching system given in (3) has ly finite gain at most v according
to Definition 2.2.

3 State Feedback Control

This section studies the problem of finding state feedback controllers for a switching
system such that the closed-loop system has generalized finite [, gain.

3.1 State Feedback Control Problem

Suppose a switching system G consists of N subsystems

Gi . xk+1 = fi(‘rk)?uk?wk)? (12)
R = gi($k7uk)-
Here let the subsystems are indexed by a finite set Z = {1,2,---, N}. We take x € R",
u e U C R™ w € R? the state, control input, and disturbance input for every subsystem.
z € R" is the performance measure. We assume there is an equilibrium point (z., i.) such
that f; (x.,0,0) =0 and g¢;, (z.,0) = 0.
For the control problem, at each time step, besides the control value uy, we also need

to decide which subsystem to switch to (or keep the current subsystem). So the control
takes values in the set Z x U. We first define the admissible state feedback controller.

Definition 3.1 An admissible state feedback controller K is a causal map that maps a
state sequence into a control pair. To state it clearly,

K($07k,i07k) = (ik+1,uk) S U, k= 0,1,--- (13)

Denote by Ks5 the class of such admissible state feedback controllers.

We require that the state feedback controller to be null initialized, that means for any
sequence consisting of equilibrium points (2o, f0x), (€1, %) = (e, i), V0 < I < k, k > 0,
it holds K(zog,i0%) = (e, 0). Under a null initialized state feedback controller, the
equilibrium point of the open loop system (z.,i.) is also the equilibrium point of the
closed loop system.

Suppose an admissible state feedback controller K is designed. Then for any given
initial state (zg,79) € R™ x Z, any disturbances sequence wy «, a trajectory of the closed
loop system, (2,00, %0.00), can be obtained as follows:

(i1, u0) = K(z0,10), z1 = fi, (2o, o, wo);
(ig,u1) = K (w0, 10, 71,11), 2= fi,(@1,ur, wy); (14)

Problem: For a fixed gain v > 0, find a state feedback controller (if exists) K € KCys
such that the closed-loop system has generalized [y finite gain at most 7.
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3.2 Solution to The State Feedback Synthesis Problem

The state feedback control problem is solved through a dynamic game between the distur-
bance and controller. In this dynamic game, the disturbance is regarded as the maximizer
and the controller as the minimizer. The value functions V% : R” — R, 7 € Z are defined
as

k—1 k-1
V,(z) = inf sup sup {Z(MP — 7 lwil?) + ZP(@J!;QH)} : (15)
1=0

KEICsf k>0 wo,k—1 =0
The solution of this dynamic game problem is to find (if exists) the optimal strategy

K* € Ky for the minimizer achieving minimum at the right hand side of (15). As we
shall see K* solves the [, finite gain state feedback control problem.

The dynamic game is solved by the approach of the dynamic programming. By dy-
namic programming argument, we establish the Dynamic Programming Principle for the
value functions V*:

k—1 k—1
vetan = gt s S ) 3l + Vo)) G0
=0 =0

Kek sf wo k—1

The one-step relation in (16) are the equations that we use to solve the game (hence
l5 finite gain state feedback control) problem

Vi(z) = Cinf  sup {\gj(a:, u)]2 — 7 w|* + p(x,i,5) + Vj(fj(x,u,w))} . (17)
Juw)EIXU

If we want to state the switching and non-switching clearly, then

) ) (ju)EiInfU#isup{|gj(w,u)|2—72|w|2+p(:E,i,j)+Vj(fj(x,u,w))},
Vi =min g T g sup gy )l — ?ful? + V)
(15)

If the [, finite gain state feedback control problem is solved by some K € Kz, then
obviously the value functions V*,i € Z defined in (15) are finite everywhere, and solve
the equations (17), so we obtain the necessary condition of l; finite gain state feedback
synthesis problem.

Theorem 3.2 (Necessity) If some Ky € Ky solves the ly finite gain state feedback control
problem, then the value functions V' i € T defined by (15) are finite everywhere, satisfy

Vie(x.) =0 and the DPE (17).
To obtain an [, finite gain state feedback controller, all we need is a set of solutions
Vi:R" — R,i € T to the inequalities

Vi(z) > inf sup {|g;(x, w)]* = y*Jwl* + p(e,i, ) + VI (fi(2,u,w)) }. o (19)

(Ju)EIXU 4

With such a solution, we can obtain a static state feedback controller K* by
K*(x,1) = (5" (z, 1), u"(,1)), (20)
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where (7%, u*) is the pair that achieves the infimum in (19). The associated switching set
of the closed loop switched system can be obtained either by

A" = {(2,i) € R" x T|5*(z,i) # i} (21)

or by
Af = {(:U,z) e R" x Z| irellf]sup{]gi(:zt,u)\2 — 73 w|? +Vi(fi(x,u,w))}

(22
> inf A 2 2012 .. Vi(f |
(j,u)el}le,j#Sgp{|gﬂ(‘r’“)| VWwl* + p(x,4,5) + V7 (fi(z, u,w)) }

Theorem 3.3 (Verification) Let V' : R" — R,i € I solve the inequalities (19), then
the state feedback controller K* determined by (20) is an ly finite gain state feedback
controller.

The verification theory can be proved by standard dynamic programming argument
11),12].

Remark 3.4 When a state feedback controller is obtained from a solution of the equa-
tions (17), then the controller is called the optimal H> state feedback controller.

4 Measurement Feedback H* Control

This section studies the problem of finding measurement feedback controllers for a switch-
ing system such that the closed-loop system has generalized finite [ gain.

4.1 Measurement Feedback Control Problem

Consider a switching system G consists of N subsystems

Tht1 = f,(l’k,uk) + Wi, ]{7 Z 0,
2 = Gi(wn, ur), k>0.

Here the state z is not available in general, instead a measurement output y € RP is
observed, v € R? is the disturbance in the observation process. We assume there is an
equilibrium point (z.,.) such that f; (z.,0) =0, h; (z.) = 0 and g¢;, (z.,0) = 0.

At any time step, one of the N subsystems is active and the rest subsystems are kept
silent. At some particular switching time, the active subsystem is switched to another
subsystem. We assume that the index of the active subsystem is always available to the
designer though the state z is not directly known.

Similar to the state feedback control problem, at each time step, besides the control
value ug, we also need to decide which subsystem to switch to (or keep the current
subsystem). So the control takes values in the set Z x U. We first define the admissible
measurement feedback controller.



Definition 4.1 An admissible measurement feedback controller K is a causal map that
maps a measurement sequence into a control pair. To state it clearly,

K(io, y14) = (ing1,ux) €T XU, k=0, (24)

Denote by K, the class of such admissible measurement feedback controllers.

Note the first control (i1, ug) is produced by K but it does not depend on the obser-
vation y; for any k > 1. It depends on ig. Similar with the state feedback controller, we
require the measurement feedback controller to be null initialized.

Suppose an admissible measurement feedback controller K is designed. Then for any
given initial state (zo,79) € R™ x Z, any observation disturbances sequence v , and any
dynamics disturbances sequence, wo ~, a trajectory of the closed loop system, (o s, %0.00)
can be determined as follows:

(i1, u0) = K (do);

z1 = fiy (%0, uo) + wo,
Y = hi (21) +o1, (i, u1) = K(io, 11);
_r (25)
Ty = fi, (21, u1) + w1,
i (T2) + 9, (i3, u2) = K (do, y1, Y2);

Problem: Find a measurement feedback controller K € K, such that the closed-
loop system has I, finite gain at most 7. That is, there exist functions 3* : R* — R,i € T
satisfying 3% (z.) = 0 such that

k—1 k—1 k-1 k
Mol + > planivie) <)l +97 ) ol + 8(2) (26)
=0 =0 =0 =1

for any 0 < k, any initial hybrid state (z¢,i9) = (z,¢) and any disturbance sequence wp ;1
and vy . Here p(x,1,7) is the switching cost defined by (4).

Let’s denote the set of all bias functions with initial subsystem ¢ € Z and controller
K € Ky to be Bi.. The minimum bias function is denoted by 3% defined as

P (x)

k-1 k-1 k1 k
sup sup sup {ZMP + Z/J<$l,iz,il+1) - 72Z‘wz|2 - ’YZZM’Q FTo = T,00 = Z} :
1=0 1=0 =1

k>0 wo,k—1 V1K =0

4.2 An Information State Formulation

Denote X = {p : R" — ﬁ} For p,q € X, denote (p) = sup,ern p(x) and (p,q) =
sup,ern {p(7) + ()}
For any fixed admissible controller K € K, s, define the cost for the closed loop system
(G, K) with fixed p € X and iy € Z by
io
) k—1 k-1 k-1 k
SuUp sup sup sup {P(JTO) + Y al + ) plwninig) =Y lwl* =7 |Ul|2} -
1=0 1=0 1=0 =1

k>0 zo€R™ wo k-1 v1,k
(27)



The cost J encodes the finite gain condition for the closed loop system (G, K) as
indicated in the following proposition.

Proposition 4.2 The closed-loop system (G, K) has finite ly gain less than ~ if and only
if there exist functions p' € X with —oco < p'(x) < +o00,Vo € R",Vi € Z,p'(x.) = 0 such
that '

J;Al()ng, Vi e Z.

PROOF. Assume the closed-loop system (G, K) has finite I gain less than 7. That
is, there are functions ' : R" — R, i € T satisfying 3%(z.) = 0 such that

=N

-1 k—1

k— k
2® + ) pla iy i) < 7 Z|wl’2+722|7)l|2+5i($)
=0 =1

l =0

Il
=)

for any 0 < k, any initial hybrid state (x0,19) = (2, %) and any disturbance sequence wg j—1
and vy ;. Take p'(z) = —f'(z),Vr € R",Vi € I, we get

k—1 k-1 k—1 k
2+ Nal+ D plainis) =7 ) lwl* =7 julf <0
=0 =0 =0 =1

for any 0 < k, any initial hybrid state (z¢, i) = (z,7) and any disturbance sequence wp 1
and vy . That is '
Ji(K) <0,

Conversely, assume there exist p' € X with —oo < pi(x) < +oo,Vz € R"Vi € T
satisfying p’(z.) = 0 such that J?;(K) < 0. Then for any 0 < &, any initial hybrid state
(x0,10) = (z,4) and any disturbance sequence wq 1 and vy g, it holds

k—1 k—1 k—
’Zl‘2+z,0($l,il,il+1) <7 Z lwy|* + ~? Z‘W’Q “(
1=0 1=0 1=

Take f'(x) = —p'(z), (z,7) € R" x Z, we have shown that (G, K) has I, finite gain at
most 7.

O

Now the H* control problem requires finding a controller K € C,,; such that J ; (K) <
0, Vi € T for some p' € X with —oo < p'(z) < 400,V € R", i € T satisfying p’(z.) = 0.
The essential difficulty in doing so is that the cost J;ﬂ.(K ) is expressed in terms of the
state x (via z, p), while K can only use the information available in the observed process
y from which we don’t know the exact value of the state x. This situation is well known
in control problems for partially observable stochastic systems. The problem is solved by
constructing appropriate “information state” which is a dynamic quantity determined by
the observations and contains the information of the state relevant to the control problem.
Similar idea was transported to deterministic control systems by James and Baras [12],
[10] in solving the general partially observed dynamic game problems. By constructing an
appropriate information state, the cost is equivalently expressed in terms of the observa-
tion via this information state. Then the original measurement feedback control problem

10



is transformed into a state feedback control problem with the information state as the
new controlled state. We employ a similar idea here to treat our H* control problem for
switched systems. The main thing here is to construct an appropriate information state
and determines its dynamics.

Definition 4.3 Given the initial discrete state ig € I, the observation sequence y ., the
switched control signal (i1, u), (i2,u1)," -+, (ix, ux—1) and py € X, define the information
state pr € X to be

k—1 k—1

pe(x) = sup sup sup{po(zo +Z\zl|2+2p Xy, g, Gg1) — Y Z]w |2 —722\1) 2

ZoER™ wo k-1 V1,k =1 =0
s = 2,41 = fi (T w) Fw, 0 <D<k — 15 by (1) +Uz =y, 1 <1 < k‘}
(28)
where the constraints means the state trajectories z(-) of the switched system G under the
control sequence and disturbance sequences w(-),v(-) satisfies the terminal state constraints
x = x and produces observation signal y(-) on [1, k].

The information state represents the worst case [y gain cost of those state trajectories

consistent with the observation. To obtain the dynamics for the information state py, we
define Fj(p,i,u,y) € X by

Fi(p,i,u,y)(z) = sup {p(§) + B; (&, v,i,u,y)} (29)

£ER™

where
Bj(&,x,i,u,y) = |g;(&,w)]> + p(&,4,5) — ¥Pla = f3(&w)]? = ¥y — hy(2)]*}.

Lemma 4.4 Guwen nitial subsystem iq € I, the observation sequence yi,ya,---, the
switched control signal (i1,up), (ia,u1), -+ and py € X, the information state defined in
Definition 4.3 is the solution of the following recursion

{pk = Ek(pk—17ik—1vuk—17yk>ak Z 17

po(z) € X. (30)

ProOOF. For k >1

F’ik (pk—la ik—la Uk—1, yk)(l‘)
- 551;%) {pk—l(g) + sz (57 x, ik—b Uk—1, yk)}
E n

= éSlgj {pk—l(g) + ‘glk (gv uk—1)|2 + p(f,ik_l,ik) - ’72|CL’ - f'Lk (57 uk—1)|2 - 72|yk - hlk ([E)|2}
e n
k—2 k—2

— sup{ sup sup sup {p(zo +Z|Zl|2+Zp 1, iy i) — Z!wz\2—7 Z|Uz|2

EeER™ zpeR™ wo k2 v1,k—1 -0
LTk —f Tyl = f”+1(:€l,ul)—i—wl,0<l<k—2 h”((l?l)—FUl—yl,l <l<k}—1}

+ 19y, (€, up— 1)|2+P(§ b1, b)) — V| wr—1]* — |Uk| }
k—1

= sup sup sup{p(zo +Z|Zl| +Zp Ty, i, G41) — Y Z|w 2 —~2 Z|vl|2

zoER™ wo k-1 V1 I—0 -0
cxp =2, = fi, (2nw) w0 <1< k 1 s hi, () +vl =y,1 <1<k}
= pr(x).
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OJ

Now given ig = i € Z and let the input switching signal (i1, ug), (i9,u1), - -, is related
with the measurement signal yi,ys,--- by an output feedback controller K € K,,; by
(24), we define a new cost which is a function of the information state py (hence the
measurement signal y.)

)

jp(K) = sup sup{(px) : po = p,ip = i}. (31)
k>0 Y1,k
Proposition 4.5 '
J(K) =J,(K),Vp e X,Viel. (32)

PRrROOF. We first show j;(K) > J(K).

Fix arbitrary 0 < k, any initial hybrid state (x¢,7y) = (z,4) and any disturbance se-
quences wo g1 and vy g. Observation y; i, control sequence (i1, up), (42, u1), -+, (g, Ug—1)
are produced according to the dynamics of the closed-loop system (G, K). The informa-
tion state py is defined by (4.3) for given py = p, so

)

J(K) > (pe)
> pr(xk)
k—1 k—1 k-1 k
> plao) + D> |zl + D plar i) =Y wl> =42 |ul*.
1=0 1=0 1=0 I=1
Hence
J,(K)

k—1 k—1 k—1 k
> sup sup sup sup {p(xo) Y lal + Yl ie) ="y lwl’ =7 \leQ}
1=0 1=0 1=0 =1

k>0 zgeR™ wo,k—1 Y1,k

— Ji(K).

We next show the converse inequality j;(K ) < JL(K).

Fix any i = ¢ € Z, any k > 0, any y; %, suppose the switched control signal
(i1, u0), (12, u1), - - -, (ix, ug_1) is produced by the admissible output feedback controller K.
For any x € R™, if there exists a state trajectory (ig, zo), (i1,21), -, (ig, Tx) consistent
with the terminal state, observation and control sequences, i.e. there exist xo, wo r—1, V1
such that

v =2, 041 = fi, (@ w) Fw, 0 < U< k=1 h () +u =y, 1 <1<k

then we have
k-1 k-1 k-1 k
T(K) = p(xo) + > 1al* + > planiningn) =9 Jwil* =7 ol
1=0 1=0 1=0 =1
Noticing the definition of the information state (4.3), we have
J;(K) > pr(x)

12



For those x € R™ that are inconsistent with the observation and control sequences, pi(z) =
—o0 by definition of the information state (4.3). We also have J!(K) > py(z).

Thus in both cases, we obtain

J(K) > Sellflgnpk(x) = (Px)-

Since k is arbitrary, we have

4.3 Solution of The Measurement Feedback Control Problem

Combining Proposition 4.2 and Proposition 4.5, we know the admissible measurement
feedback controller K € K,,; solves the H> control problem for the switched system

G if and only if there exist functions function p’ € X,i € T such that j;i(K ) < 0.
j;,l-(K ) is an L™ bounded (LIB) (see [8]) type performance criteria for a completely
observable but infinite dimensional system (30). In this system, the state variable is the
information state py and the disturbance is the observation signals (1, s, - - -). Hence the
original H* output feedback control problem is transformed into an equivalent LIB state
feedback control problem. After such a transformation, we are able to derive the necessary
and sufficient conditions for the original H> measurement feedback control problem and

obtain the controllers.

Define the value functions Wi : X — R by

Wi(p) = inf T (K) (33)

KeKny p

Note that this is the (lower) value functions of a dynamic game problem where the mini-
mizer (controller) uses Elliott-Kalton strategies [5]. The dynamic programming equation
for this value function is given by

Wi(p)= inf sup {W/(F;(p,i,u,y))}. (34)

(Ju)eEZTXU yERP

For a function W : X — 15{, denote

domW = {p € X : W(p) finite}.

Theorem 4.6 (Necessity, see Theorem 4.5.1 in [7], Theorem 4.23 in [10]) Assume that
Ko € Ky solves the measurement H> control problem with bias function 3* € By, then
the value functions W' defined by (33) satisfy:

(i) For any i € I, domW, is nonempty, —Bj,, € domW}, and Wi (—3") = 0,4 €
Bf,?o.

(i1) Structural properties: For anyi € T,

13



(ila) Wi dominates (-): Wi(p) > (p), Vpe X

(iib) W is monotone: if py € domW? and p; > ps such that (ps) > —oo, then
p2 € domW' and Wi (p;) > Wi (ps).

(iic) W is additive homogeneous: Ve € R, W' (p + ¢) = Wi (p) + c.
(iii) For any i € T, W'(p) = —oc if and only if p = —oo.

(iv) The dynamic programming programming equation (34) holds.

PROOF. proof of item (i): From the definition of J in (27), we know
<p> < J;(K) = <p+ﬁ}<> < <p+ﬁi>7 Vielpe ‘)E?K = ’Cmﬁﬁi € Bé( (35)

By assumption ‘ .
—00 < (—f,) < Jiﬁi (Kp) <0.

Ko

From Proposition 4.5 and the definition of W in (33), we know
(p) < Wa(p) < T, (Ko), (36)
hence ' ‘ ‘
-0 < <_ﬂ}{0> < W(zz(_ﬁ;((J) <0.
This means —f, € dom(W?}). Now for any % € Bjc_, from (35), we have
0= (%) < Wi(=F") < (-6 + §) =0,
which shows W (=) = 0. Then from (35) J/ (K)
proof of item (ii):
(iia): It is shown in (36).
(iib): From (35)
5, (K)

P

(p1 + B)

(P2 + k)
I ().

[IAVART

Hence 4 '
+00 > Wi (p1) > Wi (p2) > (p2) > —o0.

This shows py € domW?.

(iic): This follows from the fact J} .

(K)=J,(K)+c
proof of item (iii): If p = —o0, then for any i € Z,
T, (Ko) = (p + Bk,) = —o0,

hence ‘ .
Wi(p) < J(Ko) = —ox.

Conversely, (p) < W (p) = —oo, this means p = —oo.

proof of item (iv):

14



Let’s denote

Wi(p)= inf supmax{(p), Wi(E;(p,i,u,))}.

(Jw)EIXU yeRr

Fix any € > 0, let (i;, %) € Z X U be such that
Wl(p) Z max {<p>7WZLl (El (p7i7a07y1))} — €

where y; € RP? is arbitrary. Let’s denote p' = F;, (p, i, 4o, y1). According to definition (33),
there exists K; € K,y such that

a P
So it holds -
W (p) = max {(p), T, (K1) | — 2 (37)
Define K € K,y by setting
(517 II__LO)a k= 07
K(io,y1x) =  Ki(i1), k=1,

Ki(i1, 9 p-1), k> 2.

where ¢, = yj41,1 <1 <k —1. Fix any k > 1 and y; %, let p; be the information state
determined by py = p, ic =i, K € K,,,y, we have
Pk = Pk—1-

where py, is determined by K; € Kz, 1.4, Po = P/, i0 = 41. Then

(pr) = (1) < T (K.
From (37), we obtain
W'(p) > (p) — 26, ¥V k> 0,414

Thus - . ’
W' (p) > J,(K) —2¢ > Wi(p) — 2¢

and

Wi(p) > W,(p) VpeX.
But we already know W (p) > (p), we conclude

Wi(p) < inf sup {W/(F;(p,i,u,y))}.

(j,u)EIXU yeRP

Now we show the converse inequality.

For any fixed € > 0, let K; € IC,,5 to be

Wi(p) 2 J, (K1) —e o 38
= supsup{(px) : po = p,io =i} — € (38)
k>0 y1,k
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Let (i1, 1) = K1(i), together with an arbitrary § € R”, we obtain
ﬁ = -F;A‘l (p7 ia aU? ?;)

Let k> 0, U1 be such that
(pr) > I (K1) — e (39)

Define a particular y; ;1 to be
B =9 =0, 1<2<k+1

Denote pz, to be the information state determined by K7, i1, Po = P, U1, and pg4q be the
information state determined by K, 7, po = p, y1 j+1- It holds

Dk = Pit1-

From (38), we get

(Pr) — €
> T3 (Ky) - 2
> Wy (p) — 2
- WZI (Fél (p7 ia ﬁ’%@)) — 2e.

Since € and y € RP is arbitrary, we have

Wi(p) > sup Wi (E (p,i, do, y))

yeRP "

> inf  sup WI(Fi(p,i,u,y)).
- (j,u)eInyefgy a(F5(p v))

O

Theorem 4.7 Assume there exist solutions W, i € T to the dynamic programming in-
equalities
Wi(p) > inf sup {W'(F;(p,i,u, 40
(p) > (jyu)emyefg{ (Fj(p.i,u,))} (40)
on some nonempty domains domW?* and has the property Wi(p) > (p) for all p €
domW? i € Z. Assume 3 > 0,i € Z,3%(x.) = 0 satisfy —(3' € domW" and Wi(—3") =
0. Assume (j*,u*)(i,p) achieves the minimum in (40) for each i € T and p € domW".

Given any iy € I, choose py = —3° and define a measurement feedback controller
K* e Ky by
K*(i07p07y1,k) = (ik‘—l—huk) = (j*7U*>(ikapk)7 k Z 0 (41)
where py is the information state generated according to (30) with initial condition ig, po,
measurement sequence Yy ., and control sequence ig , upx—1 obtained by (41).

Then K* solves the measurement feedback H* control problem.

PrROOF. Fix any ig € Z, choose py = —f%, for any given k > 0 and measure-
ment sequence Y, we show Wi (p),0 < I < k is non increasing, that is Wi (p;) >
Witti(py),0 <1<k — 1.
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By inequality (40), we know

Wii(p) = inf  sup {W/(F;(p1, iz, u,y))}

(Juw)eZTxU yERP

_ 141 A ;
;;PE){W (Fip (pryin,u,y)) } (42)

2 WZ:H_l (Fil+1 (pla il? U, lerl))
= Wi (pi).

Hence . ' . ’
0=W"(=3) = W"(py) > W (pg) > (pi), Vk > 0, Yy .

So .
3% = supsup{{pe)} < 0.
k>0 Y1,k
From Proposition 4.2 and Proposition 4.5, we know the closed loop system (G, K*) has
finite gain at most ~.

O

Remark 4.8 The special controller constructed from the equations (34), it is called the
optimal H* measurement feedback controller.

4.4 Certainty Equivalence Principle

Theorem 4.6 and Theorem 4.7 provide the necessary and sufficient conditions for the H>
measurement feedback control problem of switching systems. These are important results
as they pointed out the exact conditions of the solvability of the measurement feedback
control problem and the essential structure of the robust controllers. Unlike the full
state feedback control problem, the solution of the general measurement feedback control
problem essentially involves computation of the value functions W* which are functions
of the information state residing in the infinite dimensional space. The involvement of
infinite dimensional dynamics brings difficulty in the implementation of the controllers.
In real applications, it is desirable to identify those special cases where the controllers
can be computed from the finite dimensional dynamics. One such case is the certainty
equivalence principle (CEP) suggested for dynamic game problems in [2]. When CEP
holds, the optimal measurement feedback control strategy takes the form of the state
feedback controller feeding back some estimated states. So the measurement feedback
controller involves only computing the state feedback controller and the estimated states,
both of which can be computed from finite dynamics. In [10], the authors identified the
conditions to establish the CEP for general dynamic game problem. We follow a similar
line here to develop the CEP in the context of the switching robust control problem.

Let V' i € T are the solutions of the equations (17), K* in (20) is the corresponding
optimal H* state feedback controller. Define the minimum stress estimate &

(i, p) € argmax{p(x) + Vi(x)} (43)

for p e X, —o00 < p(z) < 0o,z € R,

17



Theorem 4.9 Let W', i € T are solutions of (34). If for p € dom(W?), —oco < p(z) <
oo, x € R™, it holds . '
Wip) =, V)1 €T, (44)

then the control strategy
(7% u”) (i, p) = K*(2(i, p), 1) (45)

defines the optimal H* measurement feedback controller.

PROOF.  According to Theorem 4.7, we only need to show that (j*,u*) achieves the
infimum on the left hand of equations (34).

Wi(p) = inf  sup {W?(Fj(p,i,u,y))}

(jvu)EIXUyGRP .
= inf sup{(Fj(p,i,u,y),V’)}

(j;u)€EIXU yeRp

= inf sup sup {Fj(p,i,u,y)(¢) + V' (O)}

(Jw)EIXU yeRr ¢eR™

= inf sup sup {sup{p(&) + B;(& ¢ i, uy)} + VI(C)}

(Jw)EIXU yeRr CeR™ E€R™
: p(&) +1g;(& ) > + p(&,4,5)— }
= inf  sup sup su ;
Gu)CTXU yenp cemn cein { YIC = £ & u) P =2y = hi(§) P +V(C)

= inf sup{p(&) + |g; (& u)|* + p(&,4, 7) + sup {—2C — f;(& w))? + VI(Q)}
(Ju)EIXU geRn CERn

(46)
On the other hand
Wip) = (p,V") ,
= Eseg{P(S) +V'(&)}
= sup{p(&) + inf sup {|g;(& w)]* —V|w|* + p(& i, 5) + VI (f; (&, u) + w)}}
EERn (JU)EIXU eRr .
= sup{p(&) + inf sup{|g;(§,u)]> —?z — fi(& u)P + p(& i, 5) + VI(C)}}
£eR (J:u)€IXU ¢eRn _
= sup inf {p(&) + |g;(&u)* + p(& 4, 5) + sup {—*C — f; (& w)|* + VI(O)}
ceRn (Ju)€IXU CeRm
(47)

So W' is a saddle value of a static game, the saddle point is &* = Z(i,p), (j*,u*) =
K*(z(i,p),7). This shows that (j*,u*) achieves the infimum in (34).

OJ

Remark 4.10 Although it needs the value functions W* i € Z to verify the conditions
for CEP in Theorem 4.9, it can be seen from the proof that the condition is actually the
minmax condition (46) and (47), where only the value functions of the state feedback
control problems V*,i € Z are involved.

5 An Example

In this section we solve, using numerical approximations, an H* robust control problem
for a switching system consisting of two continuous subsystems:

18



Subsystem 1:
Trr1 = —0.92 + 2uy + wy,
Yk = |zk| + v,
2z = 0.222 + 0.2u3.

Subsystem 2:
Tpe1 = sin(0.57zg)uy + wi,
yr = cos(zg) + v,

In this example, the equilibrium point is (z.,i.) = (0, 1).

The switching cost is taken to be

p(x,1,2) = p(x,2,1) =1, p(x,1,1) = p(x,2,2) =0, V z.

The computation is carried out in x € [—4,4] and on the time from k£ = 0 to k = 50.
The control takes values in u € [—1.5,1.5]. The simulation results corresponding to gain
~v = 1.7 are shown below.

5.1 State Feedback Control Design

Figure 1 to Figure 9 are the simulation results based on the state feedback control design
procedure from Section 3. Figure 1 depicts the state feedback value functions (15) solved
from equations (17). Figure 2 to Figure 5 are the state feedback controllers computed
according to (20) based on the solutions in Figure 1. By (21), we can get directly from
Figure 2 and Figure 3 the switching set of the closed loop system

A = ([-4,—2.9] U[2.9,4]) x {1} U x[~0.2,0.2] x {2}.

We can also see that the state feedback controllers are null initialized, that is (j*, u*)(z., i.) =
(7%, w)(0,1) = (1,0).

Figure 6 to Figure 9 simulate the closed-loop performance with a particular disturbance
signal as shown in Figure 6 and initial hybrid state (x¢,ip) = (—3.5,1). From Figure 8, we
can see that there are two switches in the simulation. The first one switches to subsystem
2 at time k£ = 0, this is because the initial state (zg,i9) = (—3.5,1) € A* falls in the
switching set. The second switch occurs at time k& = 21 when the state (x21,i21) = (0.1,1)
enters the switching set A* again.

Though it is impossible to verify the finite gain inequality (5) completely, we have
checked the inequality for different disturbance sequences and for the disturbance signal
as shown in Figure 6, the inequality reads

49 49
Z‘Zkﬁ + Zp(iﬂk,%ikﬂ) = 6.5212
k=0 k=0

< 9.5172

49
=) wi* + V'(=3.5).
k=0
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Continuous state feedback controller u'(i,x) fori=1
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Figure 4: Continuous state feedback
controller u*(i,z) for i =1
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Figure 9: Continuous control signal



5.2 Measurement Feedback Control Design

For measurement feedback control design simulation, besides the disturbance signal for
the system dynamics in Figure 6, there is a disturbance input as in Figure 10 in the
observation process. The simulation is done using the certainty equivalence principle as
described in Section 4.4. Figure 11 is the disturbed observation signal. Figure 12 shows
both the simulated closed loop state trajectory and the minimum stress estimated state
trajectory according to (43). The control signals are depicted in Figure 13 and Figure 14.
It can be clearly seen that there are two switches at time k = 0 and k& = 1 respectively.

Figure 15 is the information state trajectory. The initial information state is chosen to
be null, that is po(z) = 0,Vz € R". Figure 16 shows the computational result concerning
the minmax conditions (46) and (47) along the information state trajectory p; which
justifies the use of certainly equivalence principle in the measurement feedback control
simulation.

For the closed loop system under measurement feedback controller, we have also com-
puted that

49 49
S Il +Y plan ik, inr) = 5.2749
k=0 k=0

< 15.0160

49 50
= ) el + 97> o + V(=3.5).
k=0 k=1

This verified the finite gain inequality in the case of the particular disturbances.

Observation disturbance signal Ve Observation signal Yy

15

0.8

disturbance v
|
observation y
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-0.81

I I I I I I I I I ~05 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45
time k time k

Figure 10: Observation disturbance Figure 11: Observation signal y
signal vy,

6 Conclusion

This paper studied the H> control problem for a class of discrete time nonlinear switching
systems. The objective of the H* control problem is to achieve finite I gain from subsys-
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tem disturbances to the performance containing subsystem cost and switching cost. Nec-
essary and sufficient conditions for both the state feedback control and the measurement
feedback control are given in terms of dynamic programming equations (inequalities).

For the measurement feedback case, information state techniques are used. The infor-
mation state employed turned out to be the state of a new infinite dimensional switching
system with the measurement regarded as the new disturbances. By doing so, the orig-
inal measurement feedback control problem is changed into a full state feedback control
problem for a new dynamic system with information state as the new system state. Thus
the problem can be solved using dynamic programming principle.

The information state can be regarded as an infinite dimensional nonlinear observers
that contains all the related information contained in the measurement. In general, in-
formation state is very difficult to be solved either analytically or numerically, especially
for high dimensional system. However, the optimal controllers can be computed from the
finite dimensional dynamics when certainty equivalence principle holds.
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