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Abstract

In this paper, we consider tHe*-bounded robust control problem for a class of nonlinear cascade systems with disturbances.
Sufficient conditions are provided under which a hard bound is imposed on the system performance measure. The backstepping
approach is used for controller design. A practical example is provided to illustrate the method.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction sufficient conditions are provided, and a controller
design procedure is given in terms of dynamic
In the design of robust control systenis*-type programming equations (or inequalities). How-

({°°-type) criteria are used when a hard bound on the ever, solving dynamic programming equations for
system performance measure is required. Some recentiigh-order systems is computationally complex,
work in this area is described in RefR,3,5,7,18] and this motivates us to look for constructive con-
For example, in our recent worK], /> robustness troller design methods for nonlinear cascade systems
analysis and synthesis problems for general nonlin- with some special structure, as we discuss in this
ear systems were studied; in particular, necessary andpaper.
Recently, considerable attention has been paid to
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stability [13], both local optimality and global inverse
optimality [4,6], etc.

In this paper, we consider the>-bounded robust
control problem for nonlinear cascade systems with
strict-feedback form. The disturbance inputs are as-
sumed to be bounded. By assuming fti€-bounded
(LIB) dissipation propertji7] for the low-order closed-
loop system, we provide a controller design method for

the higher-order cascade system such that the closed

loop system is LIB dissipative. The popular backstep-

ping techniqug12] is adapted to thi&.* context, and

is used for the construction of the feedback controller.
The L*°-bounded (LIB) dissipation property we
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any initial state and any disturbance inptle solu-
tion is defined on the entire intervgd, +oc0).

Throughout this paper, we denote

d = sup|w| < + oo,
weW

(2)

where| - | is the Euclidean norm. Also, forQr <
12 < + oo, we denote by/;, ;, the class oiW-valued

disturbance inputs defined on the time intefval 2].

Problem. Given a setBg ¢ Rt we wish to find,
if possible, a state feedback controller

considered here focuses more on the robustness withu = a(x, y)

respect to magnitude-bounded disturbances. In the
special case when the performance is the norm of the

state, the LIB property is a much weaker property
than the input to state stability (ISS) propeftyp]. It

is also weaker than the asymptot¥€., bound prop-
erty (ISS with restriction]19] where the asymptotic
behavior of the output with respect to the asymptotic
behavior of the input is included.

such that the resulting closed-loop systemIi%
bounded(LIB) dissipative with respect toBo, i.e.
there exists3 : By — R such that for the closed loop
system (1) withu = a(x, y),

2(t) < B(x0, yo), V(x0, Y0) € Bo,

Vwo,f (S Wo,t’ Vt}O (3)

This paper is organized as follows. In Section 2 Remark 2.2. Property (3) concerns the boundedness
the L*°-bounded robust control problem for nonlinear of a function of trajectories, and cover asymptoti-
cascade systems to be solved is formulated, and somecally stable, stable and limit cycle behavior. Combin-

preliminary results are given. In Section 3, the solu-
tion of the problem and its proof are given and the
issue of asymptotic stability is considered. In Section

ing property (3) with asymptotic stability property is a
stronger requirement and will be discussed in the later
part of Section 3.

4 we present a physical example to illustrate the ap-
plication of the backstepping method, and some con-
cluding remarks are provided in Section 5.

We solve this problem by using the popular back-
stepping techniqufl2] to construct the required state
feedback controlle&(x, y). To this end, we consider
the following subsystem

X = f1(x) + g1(x)w + g2(xX)u,

= @

We consider a nonlinear cascade system of the form | <~ 8(x).

In the spirit of backstepping, it is natural to assume
that this subsystem enjoys the desired property, which
here means the existence of a state feedback controller
a(x), a setBg C R", and a functiorj : Bg — R such

that for the closed-loop system (4) wiih= o(x),

z(t) < P(x0), Yxo € Bo, Ywo; € # o, Vt2=0.

2. Problem statement

X = fi(x) + g1(x)w + g2(x)y,
y=u+ falx, y)w,
z=28(x),

1)

wherex € R", y € R™ are the states; € R” is the
control input,w € W C R” is the disturbance input,
. i (5)
andz € R is the performance quantity.
However, this is not enough, and in fact we need the
following stronger assumption which, as we shall see
(Lemma 2.4), implies (5) for the subsystem. The as-
sumption is an extension of the dissipative system

framework developed ifi7] for LIB problems.

Assumption 2.1. The setW c R" is boundedfunc-
tions f1, g1, g2, f2 are locally Lipschitz for any lo-
cally Lipschitz control lawt=a(x, y), the closed-loop
system is a forward complete systeneaning that for



S. Huang et al. / Systems & Control Letters 54 (2005) 215-224

To specify this assumption, we need some notation.

For a functionV : R® — R and a numbebd < + oo,
denote

Sy ={x eR": V(x) <6},

Sy ={x eR": V(x)<5)}. (6)
Assumption 2.3. There exist & functiona : R* —
R™, a C! functionV : R” — R, two numbersp, &
with § < p< + oo, and two positive real numbers
n>0, 4>0,such that the sef)’ — §; has non-empty
interior and

V) Zg), Vxe§),

VV ) f1(x) + g1(x)w + ga(x)a(x)] < 4,
Vx € S’X, Yw e W,

VV @) fi(x) + g1(x)w + g2(x)ax)]< — 1,
VxeS§) -8y, YweWw, 7

where VV (x) is the gradient of V ands)’, S} are
defined by6).

Lemma 2.4. Under Assumption®2.1 and 2.3, the
closed-loop systerf¥) with u = a(x) is LIB dissipa-
tive with respect taBo = S, . In particular, (5) holds
for f: Bo — R defined by

5 ifxed,

P(xo) = (C)

V(xg) ifxoe SX — Sg/

Proof. By condition (7) in Assumption 2.3, it is easy
to prove thatS} and S, are both invariant sets in
forward time. Furthermore, we can prove that for all
t>0,

2(t) = g(x() KV (x(1) <, Vxpe Sy,
(1) =gx() <Vx0))<V(x0), Vxoe S, —5y.

This shows that the closed-loop system is LIB dissi-
pative with § defined by (8). I

Remark 2.5. The input-to-state stability (ISS)L5]
and the notion is a stronger property than the LIB dis-
sipation (wherg (x) =|x|). Actually, we can show that
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an ISS Lyapunov functiofil 7,16] must satisfy con-
dition (7) in Assumption 2.3. In fact, from the Lya-
punov characterization of ISR7,16] the ISS Lya-
punov functionV satisfies
V)< = 1(xD) +y2(wl). YweR’, Vx eR"
for some class? «, functionsy, y,. If we only con-
sider bounded disturbances wjih| <d (see (2)), then
the ISS Lyapunov functiol¥ satisfies

V()< = p1(x]) +72(d), Yw e W, Vx eR".
Hence if we choos@4 > 0 such thaty = y4(01) —
72(d) > 0, then we have

V(x)<y5(d), Yw e W, Vx eR",
V)< —1n, YweW, V|x|>01.

Furthermore, choos@é >0 such thatV(x)>¢6 =
|x| > 01, then we have

V(x)<7yp(d), Ywe W, Vx eR",

V)< —n YweW, Vxgsy. (9)
This is the condition in Assumption 2.3 (with=+00).

It is obvious that a functio¥ satisfying the condition
(7) in Assumption 2.3 does not have to be an ISS
Lyapunov function. [J

3. Solution to the problem

The following theorem shows that the backstepping
approach is successful in solving the LIB controller
synthesis problem described in Section 2 for system
(1). The following notation is used: for a function:
R — R and a numbed < + oo, denote

SY ={(x,y) € R™™ : V(x, y) <},

8V ={(x,y) e R"™™ : V(x, y)<). (10)
Theorem 3.1. Given By ¢ R, assume Assump-
tions2.1and 2.3 hold. Then there exists a state feed-
back controlleru = a(x, y) such that the closed-loop
system(1) with u = a(x, y) is LIB dissipative with
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respect toBg provided that

Boc§Y, (11)
whereV : R — R is defined by

Vx, MEVE) + 30y — )] Ty — )], (12)

i.e. there exists a functiofi : Bg — R such that(3)
holds. Indeegthe itemsi(x, y) and f§ are constructed
from the functiond/, V, the subsystem feedbagk)
and several parameters in AssumptixB as follows

1. Fix O<e<p — d, wherep and o are specified in
Assumptior?.3,and define

a(x, y)
2 _ gl VVT(x) + Va)[f1(x) + g2(x)y]

A d?
- (ﬂ + & Vg ()2

d? )
+ e ) (13)

where also4 andn are specified in Assumpti@n3.
2. Defineff : Bo — R by

o [+e fmesy,
ﬁ(x,y)Z{ (14)

Vix,y), if (x,y)e S'V S(;/—H

Remark 3.2. Notice that the maximal sets on which
the closed-loop system (4) with = «(x) and the
closed-loop system (1) with = a(x, y) are LIB dis-
sipative areBo = S and Bo = S, respectively. By

(12), the projection oﬁf‘;’on thex subspace is) .

In order to prove the above theorem, we use the
following lemma.

Lemma 3.3. Under Assumption®.1and?2.3,for any

0<e<p—9, there exist a functior(x, y) such that
the functionV (x, y) defined by(12) satisfies

V=g, Yoy e§),

ViV, MIAG) + g1(x0)w + g2(x)y]
Y,V (x, YA, ¥) + f2lr, wl<A + g
Y(x,y) € S’X, Yw e W,

ViV, WA + g1(0)w + g2(x)y]

+ VY,V (x, IE y) 4 f20x, p)w]< — g
VoV
V(x,y) €S, — S5, YweW. (15)

Proof. By (12), we have
Vi, )=2V(x)>gx), Vxel), VyeR", (16)

proving the first line of (15). )
Next, we evaluate the derivative &f(x, y) along
the trajectory of system (1) with contrelas follows:

Vi, y) = VVi + [y — 21§ — Vo)l
= VV @[ f1(x) + g1()w + g2(x)y]
+ Iy — 2@ u + falx, y)w — Va(x)
[1(x) + g1(0)w + g2(x)y]}
= V) A) + g1()w + g2(x)o(x)]
+ VV(x)g2(0)ly — a(x)]
+ Iy — 2@ u + fa(x, y)w — Va(x)
x [f1(x) + g1(x)w + g2(x)y]}
=VV)lix) + g1(x)w + g2(x)a(x)]
+ [y — o) g (VYT (x)
+ Iy — a1 {u + fa(x, y)w — Va(x)
x [f1(x) + g1(x)w + g2(x0) y]}. (17)
Now choose
u=ax,y)
2 — I (VVT () + Vo) f2(x) + g2(x)y]

— [y — 2(x)](c1 4 2| Va(x) g1(x)|?
+ eal f2(x, W12, (18)
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wherec1, c2 will be decided shortly. Then we have

V(x,y)

= VV(@®)[f1(x) + ga(x)w + ga(x)a(x)]
+ [y — 2@ {—[y — o(x)](c1 + c2| Var(x)
x g1(0)[% + c2l f2(x, Y)I?)
— Va@)gi(x)w + fo(x, y)w)

= VV)[f1(x) + g1(0)w + ga(x)a(x)]
— c1ly — a(x))?
— {caly — a(x) *|Va(x) g1 (x)[?
+ [y — (0] Va(x)gr(x)w)
— {caly — a(@®) | falx, )2
— [y — 21" folx, yyw)

< VV@LAX) + g1(x0)w + ga(x)au(x)]

2 1 2 1 2

= aily —aP + g w4 o

= VV)[f1(x) + g1(0)w + ga(x)a(x)]

— c1ly — a()? + =— |w|?

2c;
S VV)[f1(x) + g1(x0)w + g2(x)ou(x)]

1
— c1ly — a2+ Z—CZdZ. (19)

Here, we have used the boupd| <d in the last step
(see (2)).

Now fix 0 <& < p — d, wherep andé specified in
Assumption 2.3, and lgtx, y) € SX - S(§’+S. Then
p=V(x,y) = V) + 30y — 2]y — a(x)]

>0+e,

and hence either case ()= V(x) >0, or case (ii)
p=3ly — 2]y — a)]>e.

Case(i): If p>V(x)>0, thenx € §) — 5, and
hence by Assumption 2.3 we have

VV)[f1(x) + ea(x)w + g2(x)au(x)] < — 17,
so we have

> 2 1 5
Vx,y)< —n—cly —ax)|*+ —d°.
2co

If we choose
dZ

2= —, (20)
n

then we have

V< - 1 —aly —amP< - 2.
Hence we choose; as (20).

Case(ii): Now sinceV (x) <V (x, y) < p, we have
x €S}, and so by Assumption 2.3,

N

VV(@)L1(x) + g1(x)w + ga(x)a(x)] < 4,

and hence

. 1
V(x,y) <4 —crly — a(x)]? + =— d?
2¢2

= d—aly— @)+ ]

If p= 31y — o)1 [y — a(x)] = 3|y — a(x) > >, and
if we choose

c _A+”
1= 28 ’

then we have

(21)

Vix, y)< A —2c18+g< -

NI=

Hence we choose; as (21).
Therefore withcy andc;, as (21) and (20) we have
shown that

?uoog—g (22)

for (x,y) e SX — Sg’ﬂ. This proves the last line
of (15). )

Finally, supposgx, y) € S, so thatV (x, y)<p.
Then we have/ (x) < p, by (19) and hence

\'_/(x, y) <4+ g

Thus V (x, y) satisfies the second line of (15), and
the proof is complete. (I

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. The functiona(x, y) in (13)

is determined by (18) and (21), (20). By Lemma 3.3,
if we denotep=p, §=0+¢,ij=4 >0, 4=4+14 >0,
then the functionV (x, y) satisfies

V. y)>gx). Yx.y) €Sy,



220

VeV, MIAG) + g1(x0)w + g2(x)y]
+ V, V(x, mlax, y) + folx, Ywl< 4,
V(x,y) € S'V, Yw e W,

V,V(x, A + 810w + ga(x)y]
+ VyVix, ylalx, y) + fo(x, yw]< — 7,

V.y) e §) — Y. Ywew. (23)

The proof now follows using similar arguments to
the proof of Lemma 2.4. [J

Remark 3.4. By Lemma 3.3 and the proof of
Theorem 3.1V (x, y) has a similar property as that
in Assumption 2.3, so we can design recursively the
controller achieving LIB dissipation for higher dimen-
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Remark 3.7. The LIB dissipation property plus the
asymptotic stability whenw = 0 is still weaker than
ISS. The key difference is that here we only focus on
two casesw|oo =0 and|w|s <d, When|w|, =0, the
asymptotic stability is guaranteed, whiem », <d (for

a singled), a bound on (a function of) the trajectories
is guaranteed. But for the ISS case, the bound is a
function of jw|« plus a function of the initial state.
A simple example ist = —(1 + sin(w))x, which is
LIB dissipative (for anyw) and asymptotic stability
(when w = 0) but is not ISS. The LIB dissipation
property plus the asymptotic stability when= 0 is
also different from the uniform ultimate boundedness
(e.g.[1]) where the states are guaranteed to be bounded
only when the time is large enough.

sional nonlinear cascade systems with strict-feedback BY Theorem 3.1, we have the following corollary.

form [12] using similar arguments to Theorem 3.1.

Corollary 3.8. Given By c R"*™”, assume Assump-

We now show that under some additional assump- tions 21, 2.3and 3.5 hold. Then there exists a state

tions, we can obtain the asymptotic stability of the
closed loop whenw = 0.

Assumption 3.5. In system(1), f1(0) =0, g(0) =0;
the C* functiona : R” — R™ in Assumption2.3
satisfiesx(0) = 0; the C? functionV : R* — R in
Assumptior?.3 satisfies
V(0) =0, V(x)>0, VxeS’, x+#0,
VV X)) f1(x) + g2(x)a(x)] <0,

Vx € S'/‘,/, x #0, (24)
wherep is given in Assumptiog.3.

Under Assumptions 2.1, 2.3 and 3.5, Lemma 2.4
can be strengthened as follows.

Lemma 3.6. Under Assumption®.1, 2.3and3.5,the
closed-loop systeliid) andu=0a(x)) is LIB dissipative
with respect toBg = S;’. Moreover whenw = 0, the
closed-loop system is asymptotically stable provided
thatxo € S).

Proof. The LIB dissipation property is given in
Lemma 2.4. The asymptotic stability property can be
obtained by a standard Lyapunov stability theorem.
(e.g. Theorem 3.1 ifil0]).

feedback controller = a(x, y) such that the closed-
loop system(u = a(x, y) and (1)) is LIB dissipative
with respect toBg provided that
R v

v, (25)
whereV : R"" — R is defined by(12). Further-

more whenw = 0, the closed-loop system is asymp-
totically stable provided.xo, yo) € S .

Proof. The LIB dissipation property is proved in The-
orem 3.1. Now we show the asymptotic stability when
w = 0. By Lyapunov stability theorem (e.g. Theorem
3.1 in[10]), we only need to prove that thé(x, y)
defined by (12) satisfies

V(0,00=0, V(x,y)>0,
V(x,y) €S), (x,y) # (0,0,

V@, ) = ViV (5 L) + 2]
+ V,V(x, yalx,y) <0,

Vx,y) €5V, (x.y) #(0,0). (26)

The first line of (26) is pbvious sineg0)=0. When
w = 0, the derivative ofV (x, y) along the trajectory
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of system (1) with controk is

V(x,y)
VV@0)i + [y — 2] [y — Va(x)i]
VV @A) + g2(x)y]
+ [y — o)1 {u = Vo) f1(x) + g2(x)y1)
= VV (@[ A(x) + g2(x)a(x)]

+ VV(x)g2(x)[y — a(x)]

+ [y — o)1 {u — Va)[ f1(x) + g2(x)y1}
= VV (@A) + g2(x)a(x)]

+ Iy — )"l VYT ()

+ [y — )1 — Vo) fa(x) + g2(x)y1).

(27)

With the controller (18), we have

V(x,y)=VV@[fx) + g2(x)a(x)]
+ [y — a1 {~[y — a(x)]
x (c1+ c2|Vaux)g1(x)|? + cal fa(x, »)I?)
= VV ) f1(x) + g2(x)eu(x)]
— (c1 + €2 Va(x) g1 (x)[?
+ c2l folx, WPy — o).

Supposex, y) € S,‘f, thenx € §). If x # 0, then
by (24),

(28)

V(x, ) SVVIAX) + g2(x)a(x)] <O,
If x =0,y #0, then

V(x,y) < — (c1+ c2l Va(x)ga(x) 2
+ el falx, 1Dy — a(x)? <0.

Hence the second line of (26) holds and the proof
is completed. [J

4. lllustrative example

Consider the task of controlling the speed of a fan
driven by a DC motol6, Section 8.3, P. 223]The
system model is

{ Jv=x1l — 1 — 1D(V),

LI =v+Av —Kkov— RI, (29)

wherev is the fan speed, is the armature current,is
the armature voltage (our control inpufjy is the ac-
tuator noisez is an uncertain constant load to torque,
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tp(v) is an uncertain, speed-dependent drag torque,
J, k1, k2, L, and R are known positive constants.

We defineé; = v and & = (k1/J)I and apply a
preliminary linear feedback

v=rK2v+ RI + (JL/K1)u

to obtain
&= — L+l
{52=M+Al/l, (30)

whereu is the new control variable.
As in [6], we assume that

1
7 T <7
for some known constant

We also assume that we want to keep the speed near
a constantg and the drag torquep (v) satisfies

1
7 [to(v) —tp(vo)| <b|v—vol, Vv e[vo—a,vo+al

for some constants Qa < vg andb > 0.
We also assume that the actuator noise is bounded,
i.e.

Au € [—71y, T4l (31)
for somer, > 0. Now we can express
1
7 [t + w(ED)]

= %TD(VO) + (1 + b[&1 — voD w1, (32)
Au =t,wo, (33)

are bounded disturbances with

1 wl
J w2

where w1, wy
lwi| <1, [wo| <1.
We further denote

x=8 —vo, y=&——wbo), w=

(34)
and define the performance
2= (-’ = (& - =x% (35)
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Then the system becomes

X =[t+b|x| Olw + y,
{y=u+[o Tulw,
7= x?

with |w| <d = /2.

This system takes the strict feedback form (1), in

fact,

f1(x) =0, g1(x) = [t + b|x| O],
folx, ) =[01,], gx)=x%
The subsystem is

x =[t+ blx| Olw + u,
z=x2.

Choose controller

u=o(x)=—kx,

where k > 0 satisfies G<2t/(k — b) <a,

closed-loop subsystem is

= —kx + (1 + b|x|))ws,

{)& = —kx + [t + b|x| ODhw
z=x2

ChooseC?! functionV : R — R as
V(x) =x2, VxeR.
Since|w1| <1, we have

VVx)[—kx + (t + blx)w1]
= 2x[—kx + (t + b|x)w1]
< = 2(k — b)x? + 2tw1x

Twy

(36)

g2(x) =1,

(37)

(38)

(39)
then the

(40)

(41)

—2(k — b) [x

~ 2(k —b) 2(k

Now choose

( 2t >2 <1.51)2
p: 5 52 3
k—b k—b

Sy, x>15t/(k—b)

then for anyx € §) —

1.5¢2

VV@)[—kx + (t + blxDwi]< — — b

Also it is easy to see that for anye SV,
2

T
VV () [—kx + (T + blxDw1] < 24— D)

2, tud
—b)'

and hence
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Above we have proved thaf(x) satisfies the con-
dition in Assumption 2.3 with

. 1.572 . 72

k=0’ - 2(k —b)
It is also easy to see th&t(x) satisfies the condition

in Assumption 3.5. By Lemma 3.6, system (40) is LIB
dissipative with respect to

BV —|_ 2t 2t
O T T kb k—b

and it is asymptotically stable whem = 0, provided
X0 € Bo.
The functionf defined by (8) is

B o (151 ?
ﬁ(x)_max{x ’(k—b) },

|: 217 ZT]
Vxe|——, ——|.

k—b k—b
Now choose
2
T
- <p-3$
h—b?2 "
and controller (13)
ax, y)
= —g1 ()VVT(x) + Va@)[f1(x) + g2(x)y]
d
— Iy — )] (—” + Zczwoc(x)gl(xn
+c2l f2(x, y) |2
[ 4
= —2x—ky — (y+ k) | 2T
2¢
+ V2 K?(t + blx|)? + V2 15:|
n K
= —2¢ —ky — (y + kx) | (k — b)
22k — )
+—£%%—Qk%r+mﬂﬁ
T
2V2(k = b) ,
* 372 tu

= —2x —ky — (y + kx)(k — b)
2
X |:1+ fk

2, 2y/21;
e+ b2+ S5t |.
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By Corollary 3.8, the obtained closed-loop system is and strict-feedback form, the need to solve numer-

L°°-bounded dissipative on ically high-order dynamic programming equation is
o avoided. Future research will consider applications of
Bo=S5, these results, as well as the development of methods

) ) _ for the output feedback case (¢2]).
and is asymptotically stable when = 0 provided
(x0, yo) € SV, whereV (x, y) is defined by
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