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A Unified Approach to Controller Design for
Achieving ISS and Related Properties
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Abstract—A unified approach to the design of controllers
achieving various specified input-to-state stability (ISS) like prop-
erties is presented. Both full state and measurement feedback cases
are considered. Synthesis procedures based on dynamic program-
ming are given using the recently developed results on controller
synthesis to achieve uniform [°*° bound. Our results provide a link
between the ISS literature and the nonlinear H ° design literature.

Index Terms—Controller synthesis, disturbance attenuation,

dynamic programming, H > design, input-to-state stability (ISS),
1*° bounded robustness.

1. INTRODUCTION

NALYSIS and design of controllers for nonlinear systems
with disturbances is one of the central topics in control en-
gineering. Research on this topic has seen several major break-
throughs over the past 15 years including nonlinear H°° control
(e.g. [3], [4], [11], and [26]) and the development of input-to-
state stability (ISS) concepts (e.g. [2], [21], and [24]). These two
lines of research have been developed relatively independently
of each other and they differ in stability properties that are con-
sidered, tools that are used and questions that are asked. Both ap-
proaches have their advantages and disadvantages but they both
provide invaluable tools and insight into the problems of anal-
ysis and design of nonlinear control systems with disturbances.
Nonlinear H*° control has its roots in the theory of linear H*°
control (from which the name is inherited). The main objective
of research in nonlinear H°° control has been to develop anal-
ysis and design tools to achieve controllers robust against un-
certainty. The framework and tools used to solve the nonlinear
problem originate from optimal control (including risk-sensitive
stochastic optimal control), game theory, and dissipative sys-
tems. Dynamic programming is a key technique in all these
areas. Willems’ theory [27] of dissipative systems is an elegant
and powerful technique for stability analysis with strong links
to Lyapunov stability theory (storage functions play the role of
Lyapunov functions).

Manuscript received March 29, 2004; revised April 8, 2005 and May 31,
2005. Recommended by Associate Editor J. M. Berg. This work was supported
by the Australian Research Council.

S. Huang is with the ARC Centre of Excellence for Autonomous Systems,
Faculty of Engineering, The University of Technology, Sydney, NSW 2007,
Australia (e-mail: sdhuang @eng.uts.edu.au).

M. R. James is with the Department of Engineering, The Australian
National University, Canberra, ACT 0200, Australia (e-mail: Matthew.James @
anu.edu.au).

D. Nesi¢ and P. M. Dower are with the Department of Electrical and Elec-
tronic Engineering, The University of Melbourne, Parkville, VIC 3010, Aus-
tralia (e-mail: d.nesic@ee.mu.oz.au; p.dower@ee.mu.oz.au).

Digital Object Identifier 10.1109/TAC.2005.858691

Research in nonlinear H > control has proceeded to date to
extend linear H°° control results to a nonlinear setting to the
extent possible. In this context, it is typical to model the plant
and controller as nonlinear operators and to consider L? sta-
bility with a finite (linear) gain of the closed-loop system, which
comes from its linear tradition. Moreover, this literature often
aims at designing controllers that achieve minimum (optimal),
or near minimum, gains from disturbance inputs to plant outputs
and, hence, controller design often requires a solution of an ap-
propriate dynamic programming equation (DPE) or inequality
(DPI). An advantage of this approach is that it can be applied to
a very broad class of plants and its main drawback is the heavy
computation required to solve DPE/DPI [11]. Nevertheless, the
methodology is fundamental and provides useful conceptual in-
sights. Note that while much of the existing literature has fo-
cused on linear gains, the tools and techniques used apply much
more generally, as we will see.

The ISS related literature builds on the tradition of stability
of dynamical systems and Lyapunov theory. Research in this
area has concentrated on finding appropriate nonlinear general-
izations of different finite gain input—output stability properties
that are more natural in the nonlinear context and fully compat-
ible with Lyapunov theory. The plant is modeled as a dynamical
system with disturbance inputs and the related stability proper-
ties usually make use of nonlinear gains. The majority of ISS
related research has concentrated on presenting different equiv-
alent characterizations of ISS like properties [2], [10], [23], [24],
proving appropriate small gains theorems [13] and applying the
ISS like properties to analysis and controller design. For ex-
ample, in [10], it was stated that ISS and H*° are basically the
same property and only differ in the way the perturbation influ-
ence is measured, and a relation between H°° storage functions
and ISS Lyapunov functions is established. However, the ISS
literature is usually not concerned with computing minimum
disturbance gains and the main tool for applying these results
are Lyapunov like functions that are very difficult to find. Typ-
ically, abstract existence results are used, or else explicit con-
structions for special classes of systems. We are not aware of
any results that provide a systematic procedure for controller
design for general nonlinear systems that achieves different ISS
like stability properties for the plant dynamics.

The purpose of this paper is to exploit optimal control tech-
niques typically used in nonlinear H° control to address the
problem of controller design with the goal of achieving dif-
ferent ISS like properties for the plant dynamics. In particular,
we use recent results on uniform 7.°° bounded (ULIB) robust-
ness [12] that employ nonlinear dissipative systems and H>°
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techniques in an appropriate L° stability setting. Our main re-
sults show that a range of controller design problems achieving
appropriate ISS like properties for the plant dynamics can be
solved by solving another ULIB problem for an auxiliary aug-
mented plant. We present our results in a unifying manner to
show that controllers achieving any of the following properties
can be designed via appropriate ULIB problems: ISS [19], inte-
gral input-to-state stability (ilSS) [2], integral input to integral
state stability (iliSS) [20], input to output stability (IOS) [25],
input output to state stability (IOSS) [16], and incremental input
to state stability (6ISS) [1]. It will become apparent that further
ISS like properties can be achieved using the same technique.
Important features of our approach are: i) We need to fix the de-
sired disturbances gains and transients bounds prior to controller
design; ii) admissible controllers we consider are causal opera-
tors and our solutions can be interpreted as a dynamical con-
troller with an appropriate initialization; iii) we achieve an ISS
like bound only for the plant dynamics and controller dynamics
is not considered; iv) we consider both full state and measure-
ment feedback problems; v) our controllers are obtained via so-
lutions of appropriate DPE/DPI and in general they are compu-
tationally very demanding.

In the synthesis problems in this paper, we consider only plant
states in the input—output bounds. This is because no state space
realization for the controller is given a priori. This freedom fa-
cilitates dynamic programming solution. We address robustness
and design issues related to our procedure. We mention also that
our results have been presented for discrete time systems. The
continuous time case is more technical and can be considered in
future work.

This paper is organized as follows. Preliminaries and nota-
tions are given in Section II. In Section III, we present a uni-
fied definition for 6 different ISS like properties. In Section 1V,
we state the state feedback and measurement feedback synthesis
problems considered in this paper. The problems are then trans-
ferred into ULIB synthesis problems in Section V. In Section VI,
the dynamic programming results are presented using the ex-
isting ULIB results. A simple illustrative example is given in
Section VII. Some further remarks on our method are presented
in Section VIII. Section IX concludes this paper.

II. PRELIMINARIES

Sets of real numbers, nonnegative real numbers, integers and
nonnegative integers are denoted respectively as R, R, Z and
Z . . Moreover, we denote

R:=RU{+x} R:=RU{+c0}U{-00}. (1)
Given W C R*, Vk € Z,, we use the following notation:

Wo,k—1] *= {ﬂ/o; T 7'wk71}
W[O,k—l] = {w[o,k_l] cw; EW,0< i<k — 1}
Wio,00) 1= {w[o,00) : w; € W, Vi >0} . 2)

Sometimes we use the notation w = wp ). We use the
convention that Wjg _1) = 0. In the sequel, we use the nota-

tion (o k), Xjo,k]s X[0,00)> U[0,00)> Y[0,k—1]> Y[0,k—1]> Y[0,00)s
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etc, which have meanings analogous to (2). We also use the
following notation:
|wil

[[wio k-1l = 0<ish1

where | - | is the Euclidean norm. To simplify the notation, for
any two vectors ' and 7o, sometimes we also denote (7 :LQT)T
as (.Z‘l, 1,’2).

Recall that a function v : Ry — Ry is of class K if it is
continuous, strictly increasing and v(0) = 0; it is of class K
if it is of class K and also y(s) — oo as s — oco. A function
6 : R4 x Ry — Ry is said to be a function of class KL if for
each fixed ¢t > 0, §(-, ) is of class K and for each fixed s > 0,
B(s,-) decreases to zero.

Sontag [20] proved the following lemma on KL functions that
we need.

Lemma 2.1: [20] Given arbitrary 3 € KL, there exist two
functions oy, ay € K such that

B(s,t) < P1(s,t) = (az(s)e_t) Vs >0,t >0. (3)

III. A UNIFIED DEFINITION FOR ISS LIKE PROPERTIES

One aspect of our contribution is a unified approach to solving
arange of control design problems that achieve various ISS-like
properties for the plant in the closed-loop system. The first step
in this unified approach is to provide a unified definition of a
range of ISS-like properties that have been considered recently
in the literature. In this section we first state a range of seem-
ingly unrelated ISS like properties in Definition 3.1 and then in
Definition 3.4 we restate all in a unified and compact manner
that is particularly suited for our approach.

Consider the following system with input sequence {wy, } and
output sequence {Zzj}

Try1 = f(or, wy)
2k :H(xk) (4)

where z, € R", wp, € W C R?, Z, € R?. We denote
by ¢(k, 2o, wjo k—1]) the solution of the system at time & that
starts from the initial condition xy and under the action of the
input wjg,1_1). Sometimes we simply use ¢ or zj to denote
¢(k, w0, wo k1)) A range of ISS like properties that have been
introduced in the literature [1], [2], [14], [16], [19], [20], [25] are
listed here.

Definition 3.1: Let By C R", W C R?, the system (4) is
the following.

. ISS [14], [19] if there exist 3 € KL and y; € K such

that the trajectories of the system satisfy

¢ (K, z0, wio,k—1))| < B (ol k) + 7 (||wiok-1] )

for all z¢ € By, wio,k—1] € W[O,k—l]’ and k£ > 0.
. iISS [2] if there exist § € KL and 71, 72 € K such
that

|p (k. z0, wio k—1))| < B (|zol, k) +m (i% (|wi|))

=0

for all z¢ € By, wio,k—1] € W[O,k—l]’ and k£ > 0.
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. iliSS [20] if there exist y; € K, ¢ = 1,2,...,5 such
that

Y1 <Z Y2 (|¢> (4, @0, wio,i—1) |)>
< s (jwol) + (i - <|wz-|>)

=0

for all zo € Bo, wo,x—1] € Wjo,x—1]> and k> 0.
. IOS [25] if there exist € KL and 1 € K such that

|H (¢ (k, w0, wio p-11))| < B (lzol, k) + 71 (|[wio,e-1]] )

for all zo € Bo, wo,x—1] € Wjo,x—1]> and k> 0.
. I0SS [6] if there exist 8 € KL and 71, 72 € K such
that

|¢ (k7$07w[0,k—1])| < B(|zol, k)
+71 (lwo -1l o) + 72 ([|Z0.4-1l)

for all 2o € Bo, wip,k—1] € Wo,k—1)> and k > 0.
. OISS [1] if there exist € KL and ; € K such that

’qﬁ (k,x(l),w[lo’k_l]) —¢ (kax37w[20,k—l])’

< B (lwo = wi] k) +m ([|[(w! = 0ol
for all zg, 2§ € Bo, wig ;_y), w1y € Wiok—1),
and k > 0. [ ]

Remark 3.2: The original ISS-like properties are usually de-
fined globally. That is in Definition 3.1 By = R", W = R”°.
However, similar properties can be introduced for more general
sets Bp C R™, W C R?. In this paper, we will consider this
general case. Our methods are also applicable to the more gen-
eral practical ISS-like properties (e.g. [13]) but we are not ad-
dressing them here. [ |

Remark 3.3: By Lemma 2.1, any § € KL has an upper
bound of the form (31 (s,%) = a1(asa(s)e™?). Notice that 3 it-
self is also a KL function, so the properties in Definition 3.1
are qualitatively equivalent to the properties where the function
B(-, k) is replaced by a; (a2 (-)e™*). For example, system (4) is
ISS if and only if there exist oy, as € Ko and y; € K such
that the trajectories of (4) satisfy

|9 (k, w0, wio,p—11) [ S (@2 (Jzol) e*) + 7 ([Jwpo -]l
(5)

for all zg € Bo, wio,x—1] € Wjo,k—1)> and k& > 0. Certainly,
the bound o (s (|zg|)e~*) may be not as tight as the bound
B(|zol, k) with 8 € KL. In this paper, we will only consider
the case when KL function is of the form aq(as(s)e™). m

We find it useful to restate Definition 3.1 since its new form
is more suited for our paper. First, note that the inequality (5) in
the ISS definition is

|#(k, 20, wio k)| (@2 (lwol) ™) =m([|wpo -] ) <O-

Hence, the definition can be restated as follows. There exists
mappings G99 : R" x R x R — R, p/*% : R" x Z, —
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R and for every k € Z there exists a mapping ¥{%° :

Wio,k—1] — R, such that

Grss (¢ (kﬁo’w[o,kq]) 7PISS(370; k)ﬂﬂ}gss (w[O,kfl])) <0

for all zo € Bo, wio,k—1) € Wo,k—1), and k > 0. In fact, we
have that

P55 (w0, k) = (|zo]) e7*
i (wio h-1)) = [lwio -1l

GT55(p, p,ab) :=|b| — a1 (p) — 71(3h)

where v; € K and oy, as € Ko. We use the convention that
¢15(@) = 0 and note that since wy,_1] = ), we have that
’%béss(w[o,—l]) = 0.

Using the same arguments as before, we can restate each
property in Definition 3.1 in the same manner. The summary
of all situations is presented in Table I that is used in conjunc-
tion with the following:

Definition 3.4: (Unified definition for ISS like properties)
Let Bp € R™ and W C R’ be given. System (4) has Prop-
erty *, where x € {IS5,i158S,:IiSS,I0S,10SS,615S}, if
there existy; € K,7 =1,2,...,5and a1, as € K, such that
with p*(-, ), ¥5(+), 9% (-) and G*(+, -, -, ) defined in Table I we
have that the solutions of the system (4) satisfy

G* (()ZS (k7 Zo, w[O,k—l]) ) p*($07 k)7 1/}2 (w[O,k—l]) y @Z (¢[0,k—1]))
<0 Vg € Bo,Vwpor—1] € Wio,k—1] VE >0 (6)

where  ¢[o,xr—1] denotes the sequence of solutions
$(i, 0, wp—1)), 0 < i < k — 1 of system (4). [ |
Remark 3.5: Note that the 6ISS property for the system

Trt1 = [ (T, Dr) @)
can be investigated via an augmented auxiliary system of the
form

i1 = f (24 01)
iy = f (a7, 0p) 8)

which consists of two exact copies of the original system that
are initialized respectively from the initial conditions #} and 73
and that are driven with the inputs ' and @?. We can say that
the system (8) has the form (4) if we define

e (2) o= () o= (2.

In the sequel, whenever we talk about 6ISS of the system (4),
we will always assume that the above given transformation has
already been carried out and, hence, the system has the form (8)
with (9) (we assume that the dimensions » and s of x and w
respectively are even). And we actually mean the §ISS property
of system (7) (where & and w respectively have a dimension n/2
and s/2). ]

Remark 3.6: There are two reasons for restating Definition
3.1 as in Definition 3.4. First, the inequality (6) will be shown
to be related to an inequality in the uniform [*° boundedness
(ULIB) problem that was recently considered and solved in the
literature [12]. Moreover, we will show how to transform our
problem that involves some of the properties in Definition 3.1
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TABLE 1
DATA NEEDED IN THE UNIFYING DEFINITION FOR ISS LIKE PROPERTIES [EQUATION (6)] AND THE DIMENSION 1* OF THE AUXILIARY SYSTEM (18)

Property
* p* (20, k) Y (w0, k-1)) 05 (P10,6—-1]) G* (¢, p, %, 0) n*
1SS az(|zo|)e* lwio,k—1lloo 0 o] — a1(p) —71(¢) n+2
iIss az(|zol)e* Sy a(wil) 0 6] = a1(p) — (%) n+2
iTiss va(|zo]) S s (i) S e i) 1(9) = p— 7a(8) n+3
108 az(|zo|)e " lwio,k—1llec 0 [H()| — c1(p) — 11 (¥) n+2
108s! az(|zo|)e=k lwio,k—1)llec IH(#)jo,k-1)lloc | 18] —a1(p) =11 (¥) —v2(p) | n+3
3188* | az(|zg —xd)e™ | l(w' —w?)ok—1)lloo 0 o' — 2| —a1(p) =7 (y) | n+2
'We use the notation H(@)pk—1] to denote the sequence H(¢(i,z0,w-17)),i=0,1,...,k— L.

2The meaning of notation used in this row of the table is explained in Remark 3.5.

into an auxiliary ULIB problem that can be solved using tech-
niques of [12]. The inequality (6) is especially suited for this
problem transformation. Second, our results are unifying for all
ISS like properties of Definition 3.1 and, hence, Definition 3.4
provides a compact way of presenting our proofs and results. B

Remark 3.7: A range of other stability and detectability
properties can be captured by using the same Definition 3.4 and
augmenting the Table I in an appropriate manner by specifying
p*(5 ), i), i), G*(+,-,-,-) for the new properties. We
have not exhausted all possible candidate properties in Table I,
but rather concentrated on the most representative properties
that were considered in the literature. [ |

IV. PROBLEM STATEMENTS

In this section, we pose several controller design problems.
First, we state the full state feedback controller design problem
with the goal of achieving one of the properties from Table I for
the plant state in the closed-loop system. Second, we state the
measurement feedback problem that achieves one of the prop-
erties from Table I for the plant state in the closed-loop system.
We will solve these two problems by transforming them into two
auxiliary problems (full state feedback and measurement feed-
back ULIB problems) that were recently considered and solved
in the literature (see [12]). In this section, we also provide defi-
nitions of the ULIB problems.

For the full state feedback case, consider the nonlinear dis-
crete-time system

Tht1 :f(:vk,uk,wk), k>0

Zr :H(:vk), k> 0. (10)

Here z;, € R™, zi € R4, up, € U C R™ and wp, € W C
R? are the state, output, control input, and disturbance input,
respectively.

Before stating the problems of interest, we define the class
of admissible controllers that our designs will yield. For system
(10), let X = R" and U C R™ be given, define X}y ) and
U0,00) similarly as in (2). An admissible state feedback con-
troller is a causal map K : X[p ) — U[p,oc), meaning that
for each time k > 0 if 2!, 2* € Xjg ) and z; = 7 for all
0 << kthen K(x'), = K(2?)}. i.e. the control at any time
k is independent of the future states. We denote the set of ad-
missible state feedback controllers as

Csf = {K : X0,00) = Upp,00), K I8 causal}. (1D

We sometimes abuse the notation by writing u, = K(z[,x)).
Also, the state trajectories of the plant in the closed-loop system
consisting of the system (10) and a given admissible controller
up, = K(z[0,4]) are denoted as ¢(k, zo, u, wy, —1]). Note that
the class of admissible controllers is very large and it includes
static and dynamic controllers, as well as a number of other
configurations.

The first problem that we consider is stated next. This
problem is referred to as a State Feedback « Problem where x
can be any property listed in Table 1.

State Feedback x (SFx) Problem: Consider system (10), let
By CR"WCR* v ek, i=12,...,5 a1, as € Ko
and x € {ISS,iISS,iliSS,T0S,10SS, 6ISS} be given and de-
fine the functions p* (-, -), ¥%(-), ¢x(-) and G*(-,-, -, -) as gen-
erated by Table I. Find, if possible, an admissible state feedback
controller K € C,¢ such that the trajectories of the plant in the
closed-loop system satisfy the following:

G* (b, p*(z0, k), Vi (wio.e—1) > 0k (bok—17)) <O

Vzy € By, vw[o,k—l] € Wo,k—1] Vk >0. (12)

Here ¢r = ¢(k, o, u, wyo r—1]) and we use Po 1] to denote
the sequence ¢(i, zo,u, wp,i-1)), ¢ = 0,1,...,k — 1. When
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there exists such a controller, we say that the SFx Problem is
solvable for (10).

Remark 4.1: 1In fact, the previous definition can be regarded
as six definitions. For example, when » = ISS, the problem is
SFISS Problem. [ |

Remark 4.2: Note a crucial difference between Definition
3.4 and the statement of the SFx Problem. In the definition, we
say that the property holds if there exist functions y; € IC, 1 =
1,2,...,5and o1, g € Ko such that an appropriate inequality
holds. However, in the statement of the SFx Problem we fix all
the functions v; € K, 7 = 1,2,....5, aj, as € K4 and then
attempt to find a controller that satisfies (12). Hence, if the con-
troller does not exist forone setof v; € K,7 =1,2,...,5, aq,
ay € K, it may exist for another set of these functions. Ob-
viously, this poses certain limitations in terms of how one can
use our tools. However, our results are very useful in a range of
engineering situations in which it makes sense to fix the gains
prior to design. Moreover, our results can be used in an iterative
manner, as in H°° control, where, if a controller does not exist
for a certain set of gains, we then increase the gains and then try
to redesign the controller. Finding a design technique that does
not require a priori fixing of the gain functions is highly desir-
able and is left for future research. ]

For the measurement feedback ISS like synthesis problem,
consider the nonlinear discrete-time system

Tk41 :f(xkauk7wk)7 k Z 0
Zr :H(:Ek)7 k>0
Yk :h(xk,wk), k Z 0. (13)

Here, z, € R", Z, € R4, u, € U C R™, w, € W C R?,
yr € RP are the state, output, control input, disturbance input,
and measured output, respectively.

Remark 4.3: Note that the measurement output y in (13) is
in general different from the output z = H(x) that is used to
define the IOS and IOSS properties in Definition 3.1. [ |

For system (13), let Y = range{h} C R? and U C R™ be
given, define Vo, o) and U|p o) similarly as in (2). An admis-
sible measurement feedback controller is a strictly-causal map
K : y[om) — Z/l[opo), meaning that for each time k£ > 0 if
y', ¥? € Yooy and y; = y7 forall 0 < | < k — 1 then
K(yY)r = K(y*)s, i.e., the control at time % is independent of
current and future measurements. We denote the set of admis-
sible measurement feedback controllers as

Cony = {K 2 V[0,00) = Ujo,0), K is strictly causal} . (14

We sometimes abuse notation by writing ur. = K (y[o,x—1])-
Also, we still denote the trajectories of the plant in the closed-
loop system consisting of the system (13) and a given admissible
controller uy, = K (yjo,k—1]) as ¢(k, zo, u, wi r—1)-

Measurement Feedback x (MFx) Problem: Consider
system (13),let B C R", W C R*, v, e K, =1,2,---,5,
a1, ay € Ko and x € {ISS,iISS,iliSS,10S,10SS, 1SS}
be given and define the functions p*(-,-), ¥5(-), ¢5(-) and
G*(+,-,+,-) as generated by Table L. Find, if possible, an ad-
missible measurement feedback controller K € C,, ¢ such that
the trajectories of the plant in the closed-loop system satisfy
(12). When there exists such a controller, we say that the MFx
Problem is solvable for system (13).

1685

Remark 4.4: The SFx and MFx problems require only that a
desired bound is achieved on the solutions of the plant whereas
no such requirement is imposed on the states of a possibly dy-
namic controller. There are five reasons for this: i) ISS-like prop-
erties for nonlinear systems provide a desired bound for any ini-
tial state of the system. However, for a closed-loop system, the
initial state of the plant and the initial state of the controller play
different roles. The initial state of the plant may be arbitrary. But
the initial state of the controller can be chosen by the designer.
Hence it may be too strong to require ISS-like bound to be ob-
tained for any initial state of the plant and any initial state of the
controller in the closed-loop system. ii) We consider possibly
dynamic feedback controller design where the dimension of the
controller is not given before the design. iii) As we will show
in Section VIII-A, the requirement (12) guarantees appropriate
robustness to perturbation in the initialization of the controller.
iv) As we will show in Section VIII-B, the method proposed
in this paper can be generalized to achieve closed-loop ISS-like
properties, but it is hard to state clearly in a unified way what
the achieved bounds are. v) This requirement is compatible with
definitions of nonlinear H>° problems [11] and the ULIB prob-
lems that are stated next. [ |

We will show that the SFx Problem for (10) and MFx
Problem for the system (13) can be solved by solving the
following controller synthesis problems for certain auxiliary
systems. We first state the problems themselves and then
introduce the auxiliary systems in the following section.

For the state feedback ULIB synthesis problem, we consider
the following system:

Tr41 :f(l'k,Uk./wk), k > 0

2 =glar), k0. (15)
For the measurement feedback ULIB synthesis problem, we
consider the following system:

Thy1 = f( @, Uk, W), k>0
e =h(zp, wr), k>0
2k =g(x), k> 0. (16)

Here, 2, € R™, u;, € U C R™, w, € W C R? are the state,
control input, and disturbance input, respectively. z;, € R is the
performance output quantity. In (16), v, € R? is the measured

output.
We still use the same notation C,¢, C,y and
¢(k, w0, u,wyo 1)) as those in the SFx and MFx

problems (though the systems considered here are a bit
different).

State Feedback ULIB (SFULIB) Problem: Consider
system (15) and let By C R™ and A € R be given. Find, if
possible, an admissible state feedback controller K € C,¢ such
that the trajectories of the closed-loop system consisting of the
plant (15) and the controller K (-) satisfy

g (¢ (k To, U, w[O,k—l])) < A

Yz € BO,Vw[07k_1] € W[07k_1],Vk >0. (17)
When there exists such a controller, we say that the SFULIB
Problem is solvable for system (15).

Measurement Feedback ULIB (MFULIB) Problem: Con-
sider system (16) and let By C R"™ and A € R be given. Find, if



1686

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 11, NOVEMBER 2005

TABLE 1I
SUMMARY OF THE VARIABLE (; AND THE FUNCTION f ~ IN EQUATIONS (18), (19), (45), (46)

Property

* p* (2o, k) = ¢ ¢ dynamics of ¢ | f7(¢*)
ISS
iISS _ _ _
108 az(|zol)e™k az(|zol) Ghpa=e i | eTie
10SS
iliSS v3(|zol) v3(|zol) Cop1=¢Ch ¢
dISS az(|zg — z2))e ™ | az(|z} —z2|) Ciir = e” ¢y | emi¢x

TABLE III )
SUMMARY OF THE VARIABLE 7} AND FUNCTIONS @* AND f IN EQUATIONS (18), (19)

Property
* W* (20, uo0, 1) o dynamics of 7, T, 0%)

ISS

108 min {|w| : f(zo,uo,w) = x1} 0 | 7ry1 = max{ng, 0" (xr, ur, Thy1)} | max{H*, w*}
10SS wew

1SS min {w] : f(zo,uo,w) =@} | O | iy = i+ 920" (o, wn, wg1)) |0+ 2 (07)
iliSS min {[w| : (o, uo, w) = 21} 0 | iy =M% + (0" (@r, uk, Trs1)) | 97 +y5(07)

w
OISS mivr\lf{|w1 — w2| s fzo,uo,w) =z1} | 0 | fpyq = max{ny, 0" (zk, ur, Trr1)} | max{H*, 0"}
we

possible, an admissible measurement feedback controller K €
Cy such that the trajectories of the closed-loop system con-
sisting of the plant (16) and the controller K (-) satisfy (17).
When there exists such a controller, we say that the MFULIB
Problem is solvable for system (16).

Remark 4.5: Solutions to the SFULIB Problem and
MFULIB Problem were obtained in [12]. Note the simi-
larity between the bounds in (12) and (17) that are respec-
tively used to define the SFx, MFx and ULIB problems.
The main difference is that the bound in (12) depends di-
rectly on ¢(k, w0, u, wio r-1]), p*(w0,k), Yi(wio,r-1)) and
©i(ép0,k—1]) whereas the bound in (17) depends only on
¢(k, 0, u, wy —1]). However, we will show in the next sec-
tion that p*(zo, k), ¥5(wio,r—1)) and @j(zpk—1;) for any
property given in Table I can be generated as solutions of
auxiliary difference equations that are appropriately initialized
and, moreover, we can solve the SFx Problem for the system
(10) and the MFx Problem for the system (13) by solving
appropriate ULIB problems for augmented auxiliary systems
that is appropriately initialized. This “problem transformation”
is discussed in the next section. [ ]

V. PROBLEM TRANSFORMATIONS

In this section, we show how the SF'x Problem for the system
(10) and the MFx Problem for the system (13) can be con-
verted into appropriate ULIB problems for auxiliary augmented
systems.

A. State Feedback Case

In this section, we will use Tables I-IV to introduce an aux-
iliary system that will be useful in solving SFx Problem. Let
* € {ISS,iISS, iliSS, I0S, 10SS, 6ISS} be given. Let n* and
G* : R” — R come from Table I, where n* denotes the di-
mension of the auxiliary system. Let functions f; : Ry — R,
@* : R" x R™ x R” — Ry, fi : Ry x Ry — Ry,
o+ Ry x R" — Ry and (g, 75, 05 € R come from Ta-
bles II, III, IV. We define the following auxiliary system:

52-1-1:]?* (éz7ukawk)7 kZO

=G (é;) . k>0 (18)
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TABLE 1V
SUMMARY OF THE VARIABLE 6} AND THE FUNCTION f; IN EQUATIONS (18), (19), (45), (46)

Property
* i (@0,6-1]) = 05 0% dynamics of 6} [5(0%,2)
ISS, iISS, 10S, §ISS - —— - = [ _
iliss S valil) 0 04y = 05 + v2(lok)) 0" +v2(]a))
1088 1 H (2) [0,k —1) lloc 0 051 = max{0;, |H(zy)|} | max{0*, |H(z)[}
where 72 =1,2,...,5, a1, as € K, be given and define n*, G*, *
- fw, f , (0, 770 and 6 as generated by Tables I-IV. Let X =
" and define the sets of admissible controllers
. ¢ R, {(* R™" and define th f ad ibl 11
&= 2, Csy, C;‘f by (11) and (21). Then, the following statements are
Z* equivalent.
i e SFx Problem is solvable for system .
£, u,w) i) The SFx Problem is solvable for sy (10)
*( x ii e roblem is solvable for system ,
o f I(C, ) ii) The SFULIB Problem i lvable for sy (18), (19)
& u,w) = f* (%, " (; u, f,uw) | (19) with By and A defined in (20).
N f* (’9*’ ) P Moreover, if controller K € C,¢ of the form
e\ T
We also let up = K (m[O,k]) (22)
o solves the SFx Problem for system (10), then the controller K €
A%
Br=4 | | a0 e B A=0. (o) Cer definedby
%
0*

Remark 5.1: Here, we use n* to denote the dimension of
the auxiliary system (18), (19). We can see that this dimen-
sion depend on the property *. For example, n* = n + 3 when
* € {iliS8,10SS} (where £&* = (w,(*,7*,0%)) n* = n + 2
when x € {ISS,iISS, 108, 6ISS} (when & = (z,¢*,n*), the
variable 0* is not needed), see Tables I and IV. When consid-
ering some different properties other than those listed in Table I,
the dimension n* may also be different. For example, when
* = GAS (global asymptotic stability, which can be obtained
from ISS with w = 0), n* = n + 1. In this paper, we were not
concentrating on the GAS property but the tools can be easily
used to address it. [ ]

The main result of this subsection is stated below which
shows a relationship of the SFx Problem for system (10) and
the SFULIB Problem for auxiliary system (18), (19) with Bg
and A defined in (20). Since the system (18), (19) is higher
dimensional than (10), we find it convenient to introduce dif-
ferent notation for sets of admissible state feedback controllers.
The sets of admissible state feedback controllers for (18), (19)
and (10) are, respectively, denoted as C_S*f and C,y,i.e.,

= {K H oy = Upp o) K i causal} Q1)

where X is defined similarly as in (2) with X* = =R"".
Theorem 52: Let B C R", W C Rand U C R™ be
given. Let x € {ISS,ilSS,iliSS, 108, I0SS, §ISS}, v; € K,

Up = (f[o k]) ( L10,k] C[o k] 770k] 9[0 k]) K(m[o(,;g))

solves the SFULIB Problem for system (18), (19) with Bg and
A defined in (20). Conversely, if controller K € Cs*f of the form

up, = K (éfb,k])

solves the SFULIB Problem for the system (18), (19) with Bg
and ) defined in (20), then the following controller K € C,:

(37[0 K1+ Go.kp Mo, O, k]) (24)

Crpr =I5 (Ck)
i = £ (k0" (2, uk, Trg)) s
b= (0 ) )

up =K (x[o,k] ) C[o,kp ﬁf(o,k] ) gfo,k])

with initialization (§, 73, 03, solves the SFx Problem for
system (10). |
The structure of the dynamic state feedback controller (25)
for the case x = ISS is shown in Fig. 1.
Proof: The SFx Problem for system (10) is to find a con-
troller K € C,¢ such that the trajectory of the closed-loop
system consisting of (10) and K satisfies

G* (zk, p™ (0, k), V% (wio,e-1)) » % (Tor—1))) <O (26)

for all ¢y € By, Wio,k—1] € W[07k_1], k> 0.
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Tk PEa
1 ¢ dynamics ¢ | Initialization:
1 a -1 k—1 :
l q 10— Co = az(|zo])
. ! L o=0
Static state ! !
feedback ' !
u Gk _ i
< LIB : Co =€ Cr-1 :
controller | :
u(zk, Ck, k) el
"~ ';1 """""""""""""""""""""" |
! namics A !
sl o1 -1 |
1 q |
| |
P | Xk | /TR-1
Mk N r
i e = max {fe—1, W(Th—1, Uk-1,Tk)} |q : / e
| 1
hecccccccccccccccccccccccccccccccccccccccaca=- |
q_l Uk—1
Fig. 1. Dynamic state feedback controller (25) when x = ISS [see also (44) and (68)], where ¢~ denotes the unit step delay.
We first prove that the inequality (26) is equivalent to Furthermore, notice that we can also write
G* k 7% * < ’lZJ* (.1170 Wio. k—1 )
T, p* (20, k), Vi (w0, wio k—11) » 0% (Zp.e-17) ) <O ke \05 H[0,k—1]
@y =vi(zpm)
for all zg € By, Wio,k—1] € W[O,k—l]? k > 0, where = infﬁ,[o’kil] {1/)2 (’lz}[o,k_l]) 30 (7:./:170,11,./12)[0,1'_1]) = x;,

1/} (.170, W[0,k— 1]) inf’ﬁ’[o.k 1] {1/}* (’UMJ[O kfl]) :
¢ (i, 20, u, Wy k—1)) = ¢ (i, w0, u, wio k1) .1

P

. F (w0, Wio,k—1)) is the minimal possible )y (1o x—1))
where the dlsturbances Wio,k—1] and wyg _1] (with the same
initial state z) result in the same state trajectory.

In fact, for the G* in Table I, since ;1 and -4 are class KC
functions, G* is monotone in ), i.e.,

G*(x7p7’l/}27(p> < G*($7p7’¢17@)
VxERn»PZU» 90207 1/}221/}12(1

If (27) holds, then from

b (z0, wio,k=1)) < Vi (wio,k=17)
we have (26). On the other hand, if (26) holds (for any wpg ,_17),
then
G (xk, *(wo, k)ﬂ[’; («’170710[0,1@»71]) s Pk (x[o,kq]))
sup {G*(xx, p* (20, k), Vi (Djo.k-11), P (£[0,k-1))):

W0, k—1]
¢ (iax(]:ua’d}[(],kfl])
1<i<k)

= ¢ (i, 20, u, wio k—1])

<0.

Hence, (27) holds and this completes the proof of equivalence
of (26) and (27).

i=1,--

kY

where 2; = ¢(i,z0,u,wp—1]), % = 1,...,k is the state se-
quence which is available for feedback. Hence, (27) is further
equivalent to

G* (w1, p* (20, k), by (2p0,01) » #k (20,k-1))) <

for all oy € By, wio,k—1] € W[O,k—l], k> 0.

Notice that the left hand side of (30) is a function of the
state trajectory zjo k). As long as the state sequence z[g ) is
available for feedback, the four items z, p* (0, k), ¥} (@[0.1)).
@5 (wp0,k—17) can all be computed and, thus, are available for
feedback. This makes it possible to transfer the SF* Problem for
system (10) into a SFULIB problem for the auxiliary system.

In fact, we can use three difference equations to generate the
terms p*(zo, k), V5 (xo, wio,x—1)) and @ (0 x—1) in the in-
equality (27), respectively. The details are stated next. Some
important functions used in this procedure are summarized in
Tables II-IV.

For each property » € {ISS,iISS,iliSS,10S, 0SS, 61SS},
we define a new variable (}, the initial value (g is given in the
third column of Table II, the dynamics of (} is given in the fourth
column of Table II. Similarly, define a new variable 7}, the ini-
tial state 7§ is given in the third column of Table III, the dy-
namics of 7} is given in the fourth column of Table III where
the function w* is given in the second column of Table III. De-
fine a new variable 67, the initial state 6 is given in the third
column of Table IV, the dynamics of ¢} is given in the fourth
column of Table IV.

(29)

0 (30)
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By defining the new variables in this way, we have
G = p*(wo k), i = ¥f (20, wio k1) s 0 = ¢f (T00-17) -

Hence, the requirement (26) [or (27)] is equivalent to
VEy € BE Vw[o’k_l] € Wio,k—1] k>0.

(€29)
where é’* is defined in (19), Bg and A are given in (20). This is
actually the requirement in SFULIB Problem for system (18),
(19).

Now, it is not hard to prove the theorem. If controller K €
Csy of the form (22) solves the SF'x Problem for system (10),
then the closed-loop system combining (10) with the control
input sequence obtained by (22) satisfies (26). Thus, the closed-
loop system combining (18), (19) with the same control input
sequence satisfies (31). Notice that this control input sequence
can also be obtained by the map K € C_:f defined by (23).
Hence, K solves the SFULIB Problem for system (18), (19)
with By and \ defined in (20).

Conversely, if controller K € éjf of the form (24) solves
the SFULIB Problem for the system (18), (19) with 35 and A\
defined in (20), then the closed-loop system combining (18),
(19) with the control input sequence obtained by (24) satisfies
(31). Hence, the closed-loop system combining (10) with the
same control input sequence satisfies (26). Notice that this con-
trol input sequence can also be obtained by the map K € C,¢
defined by (25) with initialization (§, 73, 65. Hence K € C,¢
solves the SFx Problem for system (10). [ ]

To illustrate how Tables I-IV are used in Theorem 5.2, con-
sider the case when x = ISS. For simplicity, we will omit the
supscript “ISS” in the expressions, e.g. use G instead of G759,
etc. Notice that the variable 6 is not needed in this case (see
Table IV).

From Table I, row 1 column 5, we have

(&)<

G(z,¢m) = |z — a1(¢) — n(n). (32)

From Tables II and III, row 1, we have

fo(Q)=€e7'C fuln,w) = max {n, |w|} (33)
Go=0az(|zo|) 7M0=0 (34)

w(xo, wo, 1) = ul}lé%lv{|w| : f(zo,up,w) = 21}. (35)

Hence, (19) takes the form

N x ~ A f($7 u7 w)
f = C f(f Uu, w) = ue_lC (36)
Ul [, w)

where

9

Fd) = weax (i i, {101+ a0, ) = fo v}
(37)
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So, the auxiliary system (18) becomes

LTr+1= f(xkvuknwk)

Chrr=e ' Cp
M1 = Hlax{ﬁh min {|w|: f(zg, ur, w) = f(xk, ug, wk)}}
weEW

2k = |wr] — @1 (Ce) — Y1 (k).

(38)
Also, (20) becomes in this case
A $0
By = (6%} (|$0|) 1 x9 € By A=0. 39)
0

The set of admissible state feedback controllers for the aux-
iliary system (38) is

Cop = {K : Xjo,00) = Ujo,0), K is causal } (40)

where X o) is defined similarly as in (2) with X = R"*2.
Corollary 5.3: (ISS Case) Let By C R", W C R*, U C
I_{m, v1 € K, and a1, as € Ko be given. Let X = R",
{( = R"™*2 and define the sets of admissible controllers Cj £
Cs5 by (11), (40). Then, the following statements are equivalent.
i) The SFISS Problem is solvable for system (10). .
ii) The SFULIB Problem is solvable for system (38) with By
and A defined in (39).
Moreover, if controller K € C,¢ of the form
U = K (x[o’k]) (41)
sglves }he SFISS Problem for system (10), then the controller
K € C,y defined by
up = K (20,00 Go.ugso,u) = K (w07)  (42)
solves the SFULIB Problem for system_(3 8) yvith Bg and \ de-
fined in (39). Conversely, if controller K € C, ¢ of the form
up = K (200,11, Co,k]> Mo,k]) (43)
solves the SFULIB Problem for the system (38) with Bg and A
defined in (39), then the following controller K € C,¢

Cog1 =€ Gk
fle4+1 = Max {ﬁk» min {|w|: f(zk, up, w) = $k+1}}
weW

up =K (20,17, o615 Mo,4])
(44)

with initialization (o = aa(|z¢|), o = 0, solves the SFISS
Problem for system (10). [ ]

B. Measurement Feedback Case

In this section, we will use Tables I, II, IV, and V to introduce
an auxiliary system that will be useful in solving MFx Problem.
Let x € {ISS,iISS,iliSS,108S,10SS, 6ISS} be given. Let n*
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TABLE V
SUMMARY OF THE VARIABLE 7} AND THE FUNCTION f .+ IN EQUATIONS (45), (46)

Property
* Yr(woe—1) =n5 | W dynamics of 7}, fo(n* w)
ISS
108 Hw[O,k—l] ”OO 0 77;+1 = maX{TIZa |wk|} ma’X{n*z ‘wl}
10SS
‘ k-1
iIss D iso v2(wil) 0 M1 = M + v2(Jwl) n* + y2(|wl)
. k-1
iliss D im0 vs(wil) 0 Mryr = My + 75 (lwgl) n* + 5 (|w|)
31SS | [l(w' —w?)ox-1illee | O | mpyy = max{n},|wy —wi|} | max{n*, |w! —w?[}

and G* : R® — R come from Table I, where n* denotes the
dimension of the auxiliary system. Let functions f; : R — R,
[ RxR =R, fZ:RxR" — R, and (§, 05,75 € R
come from Tables II, IV, V. We define the following auxiliary
system:

£Z+1:f*(£27ukvwk)7 kZO
ze =G (&), k>0
yr = h(zk, wi), k>0 (45)
where
&z f(x7 u? w)
* C* (g% f,f(C*)
= , U, = o) 46
= | P@wws={ gl | e
0* f;(&*,x)
We also let
Zo
Bf = Gy €B A:=0 47)
0 -— * - Lo 0 5 = U.
Mo
05

The following theorem shows a relationship of the MFx
Problem for system (13) and the MFULIB Problem for auxil-
iary system (45), (46) with Bg and ) defined in (47).

Theorem 5.4: Let Y = range{h} C R? and U C
R™ be given and define the set of admissible con-
troller Cp,7 as in (14). Let By € R", W C R’ x €
{ISS,ilSS, iliSS, 108, I0SS, 6ISS}, v € K, i = 1,2,...,5,
a1, ag € Ky be given and define n*, G*, ;‘, :&’ ;;, ¢,
6§ and n§ as generated by Tables I, II, IV, and V. Then, the
following statements are equivalent.

i) The MFx% Problem is solvable for system (13).

ii) The MFULIB Problem is solvable for system (45), (46)
with By and A defined in (47).

Moreover, a controller K € C,, ¢ of the form

ur = K (yjo,.6-1]) (48)

solves the MFx Problem for system (13) if and only if the same
controller!' solves the MFULIB Problem for the system (45),
(46) with B} and \ defined in (47). n

Proof: The MFx% Problem for system (13) is to find a con-
troller K € C,,¢ such that the trajectory of the closed-loop
system consisting of (13) and K satisfies (26). Now, we only
need to introduce three new variables (}, n;, 65 € R to char-
acterize the terms p* (o, k), 15 (wio,x—1)) and ¢ (2[o,x—1)) in
the inequality (26), respectively. This time we will make use of
Tables II, IV, V.

For each property * € {ISS,iISS,iliSS,IOS,IOSS, 6ISS}, we
define three new variables ¢ = p*(xo, k), 05 = ©5(2[0,k-1])
and 75 = 9j(w k—1]). The initial values and the dynamics
of the three variables are given in the thrid column and fourth
column of Tables II, IV and V.

Now, the inequality (26) is equivalent to

G* (&) <A V& € B, Ywyg 1) € W1, k>0

(49)

where £* is defined in (46), 5’3 and ) are given in (47). This is
the requirement in MFULIB Problem for system (45), (46).

Notice that the system (13) and the system (45), (46) have the
same control input u and the same measured output y, so the set
of the admissible controllers for the MFx Problem for system
(13) and the set of the admissible controllers for the MFULIB
Problem for system (45), (46) are both C,,, . We can assert the
theorem from the equivalence of (49) and (26). [ |

Remark 5.5: The SF problem is not strictly a special case
of the MF problem due to the one-step delay in the latter case.
Our choice of information patterns was considered to achieve
simpler and more transparent results. [ |

To illustrate how Tables I, II, IV, and V are used in Theorem
5.4, consider the case when x = ISS. As before, we will omit the
supscript “ISS” in the expressions, e.g. use G instead of GT5%,
etc.

INotice that the dimensions of the measurement outputs of system (13) and
system (45), (46) are the same, the dimensions of the control inputs of system
(13) and system (45), (46) are also the same. Here, “the same controller” means
the mapping from the measurement output to control input is the same.



HUANG et al.: A UNIFIED APPROACH TO CONTROLLER DESIGN FOR ACHIEVING ISS

From Table I, row 1, we have

Gz, ¢,n) = |z = a1(¢) =n(n). (50)
By Tables II and V, row 1, we have
FoQ) =€ fy(n,w) = max {n, [w|}
Co =2 (|zol) no = 0. (51)
Hence, (46) takes the form
x ~ fz,u,w)
E=1¢ f(&u,w) = e~ ¢ (52)
7 max {7, |wl}
So, the auxiliary system (45), (46) becomes
[ 2pp1 = f (2, up, wi)
Chy1 =€ Cr
Nik+1 = max {7, |wg|} (53)
zi = |ox| — 01 (G) — 1 ()
L Yk =h(zg,wy).
Also, (47) becomes
Zo
By={ | ((|)a:0|) : wo € By A=0. (54

Corollary 5.6: (ISS Case) Let Y = range{h} C R? and
U C R™ be given and define the set of admissible controller
Crypasin(14).Let B CR", W CR* 7 € K, a1, 2 € Ko
be given. Then, the following statements are equivalent.

i) The MFISS Problem is solvable for system (13).

ii) The MFULIB Problem is solvable for system (53) with

Bo and \ defined in (59).
Moreover, a controller K € C,, 5 of the form

K (yjo,k-1) (55)

solves the MFISS Problem for system (13) if and only if the
same controller K solves the MFULIB Problem for the system
(53) with By and A defined in (54). [ ]

U =

VI. DYNAMIC PROGRAMMING RESULTS

Using Theorems 5.2 and 5.4 and the results of ULIB prob-
lems [12], we have the following dynamic programming results
for the SF* and MFx problems. The results in this section are
direct consequences of [12, Ths. 3.3, 3.5, 4.17, 4.19]. The dy-
namic programming inequalities provide a framework for con-
troller design to achieve various ISS like properties in terms of
Lyapunov-like value functions (numerical methods may need to
solve for them).

A. State Feedback Case

Theorem 6.1: (Necessity) Let By C R*, W C R*, U C
R™ be given. Let x € {ISS,ilSS,iliSS, I0S,108SS, §ISS},
% € K,i=12...,5 ai, az € Ko be given and define
n*, G*, f;, w* fw, f , (&, Ny and 6j as generated by Ta-
bles I-IV. Let f * come from (19), let B0 and A\ come from (20).
Let X = R", X* = R" and define the sets of admissible con-
trollers Csy, C_:f by (11), (12). If the SFx Problem for system
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(10) is solvable, then the value function V* : R" — R de-

fined by?
VX(EF):= inf sup sup {G* (52) :
KeCl k>0 wio 5 11€Wo,k_1)

= K () & =€}, véer” 6

satisfies
1) B0 CdomV} := {5* €eR"Y
2) SUPg. ¢ jgz V*(é’*) <\
3) the followmg dynamic programming equation (DPE)
holds for all £* € domV*:

P VE(E) < +oo);

Vi€ = max{G*(é*» inf sup V(€ u w))}.

€U wew
(57)

Proof: Suppose there exists a Ky € Cs5 solving the SFx
Problem for system (10). Then from Theorem 5.2, there exists
aKye C:f solving the SFULIB Problem for system (18), (19)

with Bg and A defined in (20). By [12, Th. 3.3.], items 1) and
3) in Theorem 6.1 hold. By the definition of V*
Va*(é*) < sup sup

*x [ ExY .
{o (&)
k>0 wpo,k—11€EWjo,k—1)

up = Ko (é[*ok]) &= é*}

Because K solves the SFULIB Problem for system (18), (19)
with B and A, we have V{* € B}

Vér e R

sup sup {G*(éZ)iukZI_(o(éﬁ) k]>~/é§:é*}ﬁ)\-

k20 wio k—11€Wjo,k—1] ’

Thus, item 2) in Theorem 6.1 holds. [ |
Theorem 6.2: (Sufficiency) Let DBy - R",

W C RP and U C R™ be given. Let x €

{ISS, IS8, iliSS, 10S, I0SS, $ISS}, 'yl e K, i=1,2,. 5,
a1, as € Koo be given and define n*, G*, * A* fw, o
(o Mg and 5 as generated by Tables I- IV Let f* come from
(19), let B0 and ) come from (20). Let X = R*, X* = R"
and define the sets of admissible controllers Ci, CS f by (11),
(21) Suppose that there exist S C R*", V* : R* — R and
: S — U such that the following conditions hold:
1) B0 cS;
2) SUPz. ¢ V*(f*) < A;
3) the following dynamic programming inequality (DPI)
holds for all £* € S:

V*(Er) > max{G*(f*),JIellfjjgsv V* (f*(f* m w)) :
. (58)
4) forall &* € S

maX{G*(é*)ajél‘I’)V V* (]@* (é*7u*(£*)7u}))}

— maX{G*(é*), inf sup V* (f*(&* u,w))}; (59)

ueU yew

ZCS*  1s the set of admissible state feedback controller (21) for system (18),
(19), W, k—1] is defined in (2) &} is the solution of system (18), (19) with
Up _Ix( 0k)andfo —f*



1692

5) the solution & of

G =1 (G (&) wn) (60)
satisfy
&es ©1)
for all ég €S,k >0,and wio x—1] € W, k—1]-
Then, the following controller K* € Cs; defined by:
C:-{—l p (C;)
i1 = [ (i % (o, wn, 1))
* 0 x (62)
k+1 — (p( k> )

e =t (&) = u* (ax, Gk, 07)

with initialization (J, 7§, 63, solves the SEFx Problem for
system (10). |

Proof: By Conditions 3-5, we have that the pair (V*, S)
is a “good solution” of the DPI (58) in the sense of Definition

3.4 in [12]. Denote
K (&) = v (&)

then by Conditions 1 and 2 and [12, Th. 3.5], K solves the
SFULIB Problem for system (18), (19) with Bg and )\ defined
in (20). By Theorem 5.2, controller K € C,s defined by (62)
with initialization (J, 7§, 63, solves the SEFx Problem for
system (10). |

Remark 6.3: The necessity and sufficiency results are con-
sidered separately to make clear the conditions under which the
DPE (or DPI) has a solution, and the conditions under which
a solution to the DPI can be used to construct a controller, re-
spectively. The additional conditions in the sufficiency theorem
relate to the optimal controller which is not part of the necessity
results. ]

Theorem 6.1 and Theorem 6.2 can be regarded as 6 different
results. For example, when x = ISS, functions G and f are
given in (32) and (36), respectively. Also, By and X are given in
(39). So we have the following corollary by Theorem 6.2.

Corollary 6.4: (ISS case, State Feedback, Sufficiency) Let
By CR", W CR?* U C Rm,’}/l € Kand a1, as € Ko
be given. Let X = R", X = R"** and define the sets of
admissible controllers C, ¢, C,s 5 by (11), (40). Suppose that there
exist S C R"*2, V : R""2 — Rand u : S — U such that the
following conditions hold:

1) To

az(|zo|)
0
2) Sup(yc,mes V(z, (1) <0
3) the following DPI holds for all (z,(, %) € S

tx0 € By p C S,

V(z,¢,h) 2 max {|z| — a1 (()

f s 1% .
J?uw:vpv (f (2, u,w),

-7 (ﬁ)/
6‘147.f7,(ﬁ7x7u,w))} (63)
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where

max {7, mingew {|0| :

f(@,u, @) = fz,u,w)}}

fn(ﬁ; T, U, ’U}) =
(64)

4) for all (z,¢(,n) € S

wasc o] = a1(0) = (i), sup V(1 (o
weEW

e, fo (0, 2,u(z, ¢, ), w)) }

7C7ﬁ)7w)7

=z {]z] = a1 (¢) =71 (n),
Jggjggvv(f(wvuvae1C7f7](ﬁ7x7u7w))} (65)

where f, (7, z,u,w) is given in (64).
5) the solution (xy, (x, 7jx) of

Thk+1= f ((E’k, u(xlﬂ Ck:ﬁk)-,wk')

Chpr=e""C
Mit1= max{ﬁmwnéiv%ﬂﬂ L f(@ra(, G,y i), w) =$k+1}}
(66)
satisfy
(g, Gy i) € S 67)

for all (5507 Co,ﬁ[)) €S8,k>0and wWio,k—1] € W[O,k—l]-
Then, the following controller K € C,¢ defined by:

Chp1 =€ "G
Tk+1 = Max {ﬁk, min {|w|: f(zg, ug,w) = wk+1}}
weW

wp =u(zk, G, k)

(63)
with initialization (o = a2(|zo|), 0 = 0, solves the SFISS
Problem for system (10). [ |

B. Measurement Feedback Case

to denote the set of all subsets
R™ R f:R-R,f]:

Let n* be given. We use 28"
of R™ . For given functions G* :

RxR* =R, fi:RxR" — R, we define ¢* : 2" L R
by
G*(X):= sup G*(¢*) VX CR™ (69)
£reX
and F* : 2" x R™ x R? — 2R" by
FX(X,u,y) = {(z,{,n,0) : Iw e W,3(z', {7, 0") € X,

such that h(z',w) =y, f(z',u,w) =z

) = ¢ 0 w) =, f5(0,27) =6}
(70)
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The set-valued observer is defined as

Xiy1 = F(X;,ui,y;) Xo CR™. (71)

Remark 6.5: The solution of set-valued observer are sets
which are estimations of the states of system (45), (46). In fact,
for Xo CR™, j > L up j—1) € Upoj—11» Yo,j-1) € Y)o,j—1]>
we have
Xj = {(z,¢,n,0) : o, Co,m0,00) € Xo,

Elw[o,j—l] € W[O,j_l],such that z; = 2,(; = (¢
ny=n,0; =0,hMz;jw;) =y;,0<i<j—1
f(@i,ui, w;i), g1 = f*(Ci)
:f:;(nivwi) f*(ezv‘n) 0<i<j-1}h
(72)

where ;41 =

Thi+1 i+1 =

|

Using [12, Ths. 5.4, 4.17, 4.19], we can obtain the dynamic
programming results for the MFx Problem.

Theorem 6.6: (Necessity) Let Y = range{h} C R?
and B € R", W C R*, U C R™ be given and
define the set of admissible controller C,,; as in (14).
Let » € {ISS,iISS,iliSS,10S,10SS, 1SS}, v € K,
] = 1 2,0, 5 a1, as € Ko be given and define n*
G*, fd, , (5, 05 and nj as generated by Tables I, II
v, and V. Let f* come from (46), let B0 and A come from
(47). Let G* come from (69) and F* come from (70). If the
MFEx Problem is solvable for (13), then the value function

W 9R"" _ R defined by?
WX(X):= inf sup sup {é*(Xk) :
KeCm »f k20 ypo,k—1]€V0,k—1]
Xo=Xur =K (yor-1))} (73
satisfies
D

By € dom W) := {X 2R oo < Wr(X) < +oc};

2) Wx(Bg) < A
3) the following dynamic programming equation (DPE)
holds for all X € domW}:

W*(X) = max {G*(X), inf sup Wr (F*(X,u,y))
uelU yecy
(74)
Proof: Suppose there exists a Ky € Cy, s solving the MEFx
Problem for system (13). Then, from Theorem 5.4, K¢ solving
the MFULIB Problem for system (45), (46) with B} and A de-
fined in (47). The item 2) in Theorem 6.6 holds by the definition

of W}

wx (5’5) < sup sup

{é*(Xk) . X, = B,
k>0 yr0,k—11€V]0,k—1]

u = Ko (yjo.r—11) }
<A\
By [12, Th. 4.17], the items 1) and 3) in Theorem 6.6 hold. ®

3C,.; is the set of admissible measurement feedback controller (14) for
system (45), (46), Vio,k—1] is defined similarly as in (2), X, is the solution of
(71) with u,, = K(yjo,k—1)), and Xy = X.
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Theorem 6.7: (Sufficiency) Let Y = range{h} C R?
and B € R", W C R*, U C R™ be given and
define the set of admissible controller C,,r as in (14).
Let x € {ISS,iISS,iIiSS,IOS,IOSS,6ISS}, v € K,
7 = 1 2,...,5, a1, aa € K, be given and define n*,
G*, fw, , ¢, 05 and ng as generated by Tables I, II, IV,
and V Let f* come from (46), let B0 and A come from (47).
Let G* come from (69) and F* come from (70). Suppose there

exist S C 2R"  W* .2 — R, u* S—»UandXOES
such that the following conditions hold:
1) By C Xo;

2) W*(Xp) < A R
3) the following DPI holds for all X € S:

W*(X) > max {CAJ*(X)7 inf sup W* (F*(X,u,y))
“eUer
. (75)
4) forall X € S

max{é*(X) sup W* (F* (X, u*(X), y))}
yeY
= max {é*(X), inf sup W* (F(X,u,y))} . (76)
ue€U ycy
5) the solution of
X1 = F (X, w*(Xg), yr) 77
with initial condition X € S satisfies
XpeS (78)
for all £k > 0 and Y[o,k—1] € y[o,k_l].
Then, the controller defined by
U = u*(Xk) (79)
solves the MF* Problem for system (13). [ ]

Proof: By Conditions 3—5 we have that the pair (W*, S)
is a “good solution” of the DPI (75) in the sense of [12, Def.
4.18]. By Conditions 1 and 2 and [12, Th. 4.19], controller K
defined by (79) solves the MFULIB Problem for system (45),
(46) with Bg and A defined in (47). By Theorem 5.4, the same
K solves the MFx Problem for system (13). [ ]

Similarly, both Theorem 6.6 and Theorem 6.7 can be regarded
as 6 different results. For example, when x = ISS, we can obtain
the corresponding corollaries for the ISS case. The details are
omitted here due to space limitations.

VII. EXAMPLE

Consider one-dimensional system

. 2 +si
Thy1 = T3 4+ woup +sin(zy) cos(ug) + fi—n(fk)wk. (80)
U,
We consider the SFISS problem with
ai(s) = az(s) = n(s) = s. 8D

We use Corollary 6.4 to find a solution to the problem. For this
example, we set

By =[-1,1] U=[-1,1]
S =[-1,1] x [0,1] x [0, 1].

W =[-1,1]
(32)
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(b)

Fig. 2. Value function V'(z, , /) and State feedback controller u(z, ¢, #%) when i} = 0.5. (a) V(z, ¢, 0.5). (b) u(z, ¢, 0.5).
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Fig. 3. Trajectory of the closed-loop system. (a) Disturbance input trajectory (||wpo 20]| . < 0.2). (b) State trajectory @ (zo = 0.8).

The Approximating Markov Chain method [15] is applied to
solve the DPE obtained by changing the “>" into “=""in the DPI
(63). Notice that for this example, the function f, (7, z,u, w) in
(64) is simply

(83)

w|}.

Using the discretized space U, W, S with grids of 40, we
obtain an approximation for the value function V' (z, (,7) and
the optimal controller u(z, ¢, 7). For example, V' (z, (,7) and
u(z, ¢, ) for ) = 0.5 are illustrated in Fig. 2.

A simulation of the state x, in the closed-loop system is illus-
trated in Fig. 3 (we choose o = 0.8 and a random disturbance
sequence wig 2q) satistying [[wio 20)l| < 0.2), which demon-
strates consistency with the ISS inequality

fn(ﬁ7x7u7w> = max {ﬁ/

k| < [zole™ + ||Jwion-1]| . - (84)

VIII. REMARKS CONCERNING DYNAMIC PROGRAMMING
AND ROBUSTNESS

A feature of the dynamic programming approach we employ
for controller synthesis is that controller states are not explic-
itly taken into account in the problem specification. In partic-

ular, the generalized ISS-like inequality (12) does not include
controller states. This is because no state space realization for
the controller is given a priori. A controller is considered in
input—output terms, and is simply required to be a causal func-
tion of the measurement information. However, the dynamic
programming method provides a state space realization for the
optimal controller, together with requirements for the initial-
ization of the optimal controller. It is natural to ask whether
or not the closed-loop system consisting of the plant and op-
timal controller is robust. We answer this question in the affir-
mative in Section VIII-A with a simple perturbation calculation
which quantifies how the ISS-like inequality is affected. In ad-
dition, we show in Section VIII-B how the dynamic program-
ming method can be adapted to achieve an ISS-like inequality
for the optimal closed-loop that includes the controller states.
We make some remarks concerning computational complexity
in Section VIII-C.

A. Robustness to the Initialization Error of the Controller

We now show that our design is actually robust to the small
disturbances in the controller initialization. We illustrate this for
the state feedback ISS case. The other cases can be dealt with
similarly.
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Suppose the conditions in Corollary 6.4 hold. With the dy-
namic state feedback controller (68), the overall closed-loop
system is given by

Try1 = f(@r, ur, w)
Crp1 =€
k1 = max{ﬁk; min {|w| : f(zk, ue, w) = $k+1}}
weW
Up ZU*($k7Ck7ﬁk)

(85)

where 2o € Bo, (o = az(|zo|), lo = 0and z, € R, k > 0
are available.

Suppose there are disturbances on the initial state of the con-
troller, the true initial states of the controller is given by

Co = a2 (|wo]) +6¢ 7o = 0+ 6. (86)
Since
0< 152151‘,{|w| f(wry uk, w) = wpga} < Jwg (87)
we have
|ﬁk‘| S maX{|677|7 |UIO|, Ty |wk—1|}
= max {|69], [|wio,e—]| , }
Gkl =7 [¢o < (a2 (Jo]) + 16¢]) €7 (88)

Suppose (29, o, 7o) € S, then by Condition 5 in Corollary
6.4, (xk, Ck, M) € S, Vk > 0, from Conditions 2 and 3 in
Corollary 6.4

lzx| — a1(Ce) — v () < V(wk, G, Mx) < 0.

Hence, we have

lzx| < a1 (Cr) + v (k)
<o (o2 (Jzol) + 16¢)) e ")
+ 71 (max {[5n], [|wo 1| }) -

(89)

Inequalities (88) and (89) show that when |6(|, |67| are small,
the changes on the upper bounds of |7k |, |k |, |z | are also small.
Thus our design possesses robustness with respect to controller
initialization error in this sense.

s

B. Closed-Loop ISS-Like Property That Includes Controller
States

In this subsection, we provide a technique that can be used
to achieve the ISS-like property for the closed-loop system that
explicitly involves the controller states. We illustrate this for
the state feedback ISS case. The other cases can be dealt with
similarly. The idea is that we design our controller in such a way
that the plant state achieves a stronger property similar to the ISS
dynamical stability property [9]. We are then able to prove that
the closed-loop system is actually ISS in the usual sense.
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For the state feedback ISS case, we change the dynamics of
¢ and 7 in (38) and consider the system

( xk-l-l:f(xlﬁu/wwk)? kZO
Go=e " (o] + @z (o))
Chrr =€ G, E>1

R {amu, min (|| F(ep upsw) = wk+1}}
weEW

(90)
where 0 < a < 1 and the initial conditions are xo € By, (o,
7o € R. If we require

G($k7Ck7ﬁk) = |xk|_al(Ck)_’Yl(7A]k) < 07 k > 1 (91)

for arbitrary zog € By, (o, 70 € R, then we can achieve closed-

loop ISS property.
To see this, by (87) and (90) we have

i < max {a"Jij, || wpo x| ., }

< a* o] + |Jwio k-1l - k> 0. (92)
Since we also have
G < e (Gl + o2 (lzal), k>0 (93)
by (91), we obtain
k] < a1 (€7 (ICo] + a2 (|zo]))) + 71 (a*[70])
+n (lwpe-nll}). k=104

Together with (92) and (93), we can get the closed-loop ISS
inequality (a* — 0 because 0 < a < 1).

The requirement (91) can be achieved by the following two
steps. We choose the first control

ug = u(zg, a2 (|2o|) , 0) 95)

where u(z, ¢, ) is obtained by Corollary 6.4. The consequent
controls are chosen as

up = u' (2, Gk, M), kE>1 (96)

where u'(z,(,7) can be obtained by solving the SFULIB
problem for the auxiliary system

Trp1 = f(Tr, vk, wi)

Cror1 =€ G
iess = ma {alid, g, Gl = on,mn,0) = an )
weW

2k = |zk| — a1(Ce) — 1 (Mx)

with
~ 3:0
By = Co | & lwol = @1(Co) =11 () <0 ¢, A=0.
Mo

Control (95) guarantees that (91) holds for £ = 1 while con-
trols (96) guarantee that (91) holds for all £ > 2.
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Though the closed-loop ISS property can be achieved, it is
hard to obtain a clear result on what the achieved transient bound
and asymptotic gain [in the ISS property (92), (93), (94)] are as
a function of the gains used in the controllers. It is even harder
to present the results on SE'x Problem in a unified manner. Con-
sequently, in view of this and the calculations of Section VIII-A,
we did not present the all results in this paper in this way.

C. Computational Complexity

The controller design methods proposed in this paper are ex-
pressed in terms of dynamic programming equations (or inequal-
ities). If a given dynamic programming equation (or inequality)
has a solution (satisfying some mild technical conditions), then
the corresponding synthesis problem is solvable. It is well known
that explicit solutions for dynamic programming equations are
not generally available and approximate or numerical methods
are often required. In the measurement feedback case, numerical
methods can only be used when the set-valued observer is finite
dimensional. Otherwise, approximate solutions have to be used.
One possible way to find approximate solutions for dynamic
programming equations (or inequalities) is using the idea of re-
laxed dynamic programming [17].

In the unified synthesis approach we provided in this paper, ad-
ditional dimensions for the dynamic programming problem are
introduced in order to achieve the desired decay rate and asymp-
totic gain. This further increases the computation burden. How-
ever, the computational complexity is due to the nature of the gen-
erality of the problem. For particular problems and applications,
it may be possible to reduce the dimension of the problem by
introducing dynamics for the value function, like the Lyapunov
function for the ISS dynamical stability introduced by Grune [9].

IX. CONCLUSION

In this paper, we first provided a unified definition of dif-
ferent ISS-like properties, then we considered the quantitative
synthesis of ISS-like properties involving plant states where
the disturbance gain and the transient bound are prescribed.
The synthesis problems are shown to be equivalent to an auxil-
iary synthesis problem of [*° bounded robustness considered in
[12]. Both the state feedback synthesis and measurement feed-
back synthesis problems are solved using dynamic program-
ming techniques. Further research work may consider, for ex-
ample, the synthesis problem of achieving optimal/suboptimal
gains, continuous time, further development of dynamic pro-
gramming applied to ISS-like objectives, and the reduction of
the computational complexity.
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