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Abstract

The input-to-state stability (ISS) property for systems with disturbances has received considerable attention over the past decade or so,
many applications and characterizations reported in the literature. The main purpose of this paper is to present analysis results for I8S that u
dynamic programming techniques to characterize minimal ISS gains and transient bounds. These characterizations naturally lead to compu
necessary and sufficient conditions for ISS. Our results make a connection between ISS and optimization problems in nonlinear dissipa
systems theory (including >-gain analysis and nonlinedf~, theory). As such, the results presented address an obvious gap in the literature.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction Jiang and Mareels (1997Jiang, Mareels, and Wang (1996)
Teel (1996)and references defined therein.

Among the many stability properties for systems with distur- The ISS property and the ISS small gain theorems naturally
bances, the input-to-state stability (ISS) property proposed blead to the concept of nonlinear disturbance gain functions or
Sontag (1989)eserves special attention. Indeed, ISS is fullysimply “nonlinear gains”. In this context, obtaining sharp esti-
compatible with Lyapunov stability theoryspntag & Wang, mates for the nonlinear gains is an important issue. Indeed, the
1995 while its other equivalent characterizations relate it tobetter the nonlinear gain estimate that we can obtain, the larger
robust stability, dissipativity and input—output stability theory the class of systems to which the ISS small gain results can be
(Sontag, 2000Sontag & Wang, 1996 The ISS property has applied. Currently, the main tool for estimating the nonlinear
found its main application in the ISS small gain theorem thatgains are the so-called ISS Lyapunov functions that typically
was first proved byliang, Teel, and Praly (1994%everal dif- produce rather conservative estimates (over bounds) for the ISS
ferent versions of the ISS small gain theorem that use differentonlinear gains.

(equivalent) characterizations of the ISS property and their var- It is the main purpose of this paper to present several results
ious applications to nonlinear controller design can be found inhat provide a constructive framework based on dynamic pro-

gramming for obtainingninimum ISS nonlinear gainghese

results are related to optimization based methods in nonlinear
~ “This paper was not presented at any IFAC meeting. This paper wasliSSipative systems theory, such ag-gain analysis and non-
recommended for publication in revised form by Associate Editor Torkellinear Hy, theory (seeHelton & James, 199@nd references
Glad under the direction of Editor Hassan Khalil. This work was supporteddefined therein), as well as recently developed optimization
by the Australian Research Council. basedL., methods (seefialho & Georgiou, 1999Huang &
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0005-1098/$ - see front matté& 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2005.07.005


http://www.elsevier.com/locate/automatica
mailto:sdhuang@eng.uts.edu.au
mailto:Matthew.James@anu.edu.au
mailto:d.nesic@ee.mu.oz.au
mailto:p.dower@ee.mu.oz.au

2056

S. Huang et al. / Automatica 41 (2005) 2055-2065

the user. This is a reflection of the intrinsic complexity of theequivalent to the following: for alkg € R” and allu € [,
problem that we are trying to solve. We present results only for
discrete-time nonlinear systems since many calculations anim sup|x(k, xg, u)| <7 (Iim sup|uk|) , (4)

technical details are in this way simplified.

k—+00 k——+o00

The paper is organized as follows. In Section 2 we presenihich is the definition of asymptotic gain propertyJiang and
several equivalent definitions of the ISS property and state wang (2001)
result from the literature that motivates our definitions and re-
sults. A fundamental dynamic programming equation that weDefinition 4 (Zero global asymptotic stability propejtySystem
need to state our main results is given in Section 3. Sections 41) is 0-GAS (withp) if the state trajectories with = 0 satisfy
5 and 6 contain results on minimum nonlinear gains for differ-
ent equivalent definitions of the 1SS property. Two related 15g* (k- X0 O)| < B(lxol, k) (5)
properties are analysed in Section 7 using the techniques @r all xg € R” and allk € Z .
Sections 5 and 6. Several illustrative examples are presented in
Section 8 and the paper is closed with conclusions in Section ®efinition 5 (Input-to-state stability with asymptotic gain for-

2. Preliminaries

mulation). System (1) is ISgg (with (f, y)) if it is AG (with
gainy) and 0-GAS (withf).

Sets of real numbers, integers and nonnegative integers aRemark 6. The above definition is motivated by the result

denoted, respectively, & Z andZ .. A functiony : [0, co) —
[0, 00) is of class# if it is nondecreasing, satisfieg0) = 0
and is right continuous at 0. A functigh: [0, co) x [0, c0) —
[0, 00) is of class# " if for each fixeds >0, B(-, 1) is of
class#" and for each fixed >0, lim,_ ;0 f(s, ) = 0. Denote
loo={u:Z4 — R"™ : |ulloc = SUp |ur| < oo} where| - | is

k€Z+
the Euclidean norm.

Consider the following dynamical system

Xep1 = f Ok, ug), 1)

wherex; € R",u; € R, andf : R" x R" — R" is contin-
uous and satisfieg (0, 0) = 0. For anyxg € R" and any input
u:Z; — R™ we denote by (-, xg, u) the solution of (1) with
initial statexg and inputu.

proved inSontag and Wang (199@ich shows for continuous-
time systems thalSS, < AG + 0-GAS A similar result for
discrete-time systems was proved3ao and Lin (200Q)WJiang
and Wang (2001)This result is restated below in Theorem 9
for convenience.

Definition 7 (Input-to-state stability withmax formula-
tion). System (1) is ISQax (with (f, 7)) if

lx (k, xo, u)| < max{B(|xol, k), y(lullc)} (6)
forall xo e R",allu € lc and allk € Z,..

Remark 8. It is more common in the literature to use the

classes of functiong” and.#" ¥ when defining ISS and related
properties. A functiory : [0, c0) — [0, co) is of class#" if

The following definitions are taken from ISS related litera-t is continuous, strictly increasing ang0) = 0. A continuous

ture. It was shown idiang and Wang (200%hat these defi-

function 8 : [0, c0) x [0, o) — [0, 0o) is of class#".Z if for

nitions of ISS are qualitatively equivalent. However, the gainseach fixedr >0, (-, 7) is of class#" and for each fixed >0
in different definitions are not the same and since we are interg(s, .) decreases to zero.

ested in minimum disturbance gains for different characteriza- |t is not hard to see that the stability definitions that we use
tions, we find it useful to introduce different notation for eachare qualitatively equivalent to the stability definitions when the
of the different characterizations. In all the definitions belowc|asses of functionst” and.# % are replaced, respectively, by

we assume thate # andf € 4 Z.

Definition 1 (Input-to-state stability with + formula-
tion). System (1) is IS$ (with (B, y)) if

x (k, xo0, u)| < f(Ixol, k) + y(llulloc) )

forall xo e R",allu € Ioc and allk € Z,..

Definition 2 (Asymptotic gain proper}y System (1) is AG
(with gainvy) if

lim sup|x(k, xo, )| <p(flu o) ®3)

k— 400

for all xo € R" and allu € /.

Remark 3. Using arguments as in Lemma Il.1 &ontag

A and " %. This follows from the following three facts: (i)
A C A andH L C A Z; (i) given anyy € A, there exists

71 € A such that(s) <y, (s), Vs >0; (iii) given anyf € # %,
there exist$; € # ¥ such thap(s, k) < f1(s, k), Vs >0, Vk €

Z . Consequently, most results that were proved in the litera-
ture for classes of functiong” and 7" are still true when
stated with function classeg” and #".%.

Finally, we note that our relaxed function class definitions
are necessitated by the fact that the minimal ISS gain for some
systems can be of clasg'\.#, as is demonstrated in Section
8.1, Example 1.

The following theorem has been proved in the context of
function classes?” and #"¥ for continuous-time systems in
Sontag and Wang (199@nd for discrete-time systems @ao
and Lin (2000) Jiang and Wang (2001However, this result

and Wang (1996)we can show that the above definition is remains valid for function classe$” and.7" .Z.
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Theorem 9. The following statements are equivalent In subsequent sections, we show h&\(x, k) can be used to
(1) There existf,; € # % andy,; € # such that the compute the functiong, y needed in different characterizations
: . ) of ISS.

(2) There exisif, € A% andy,_ € A such that the system
(1) is 1SSy with (B4, y4);

(8) There elx's.tﬁlnéax < %faﬂd V"jax € A such that the The main results of this section are necessary and sufficient
systerm(1) is ISSnax With (Simax Ymax)- conditions for 1ISQ¢. The results do not require a Lyapunov

In the sequel we use the non-standard notation from Thefunction but rather use the value functioff (x, k) to gener-

orem 9 since it is important to distinguish between different?!€74g @ndf4¢ directly. More importantly, we show that the

characterizations and the related functions. Indeed, the funéomputed functions are minimal. This type of result is impos-

tions fag. By» Pmax (respectively, fUnctions) g, 74 Tmad) sible to obtain via Lyapunov techniques since they involve a

in the above theorem are all different in general. Note thaf€rtain conservatism in estimatingg andf -

although notationp,; characterizing 0-GAS seems coun- USingV°(x, k) we introduce

ter|r_1tL_J|_t|ve, it is consistent with the definition of 18 in Vf(x) — lim supV‘;(x,k) (10)

Definition 5. K> 400

4. Necessary and sufficient conditions for ISgg

Remark 10. We note that each of the properties IgSIss, ~ and define

aqd ISS$hax ha§ been used in the literature. In parti_cular, there/oo((;) = sup Va‘s(x), B.(s. k) := sup Vo(x’ k). (11)
exist small gain theorems that use each of these different char- xeRn x| <s

acterizations (see, for instanchang et al., 1994, 1996; Jiang
& Mareels, 1997; Jiang & Wang, 2001; Teel, 1996omput-
ing the smallest possible functiofsy (or their estimates) in
each of these properties is an important problem for the follow- . ,
ing reasons: (i) the smaller the estimates of gains functions, th‘gheor?_m 1L If)_ss_ysten‘(l) IS 1SS46 With (Bg. 746) then
larger the class of systems to which the small gain theorem care © A, ba € 42 and

be applied; (i) better estimates of the functighsg for subsys- -, (s) <Pag(s), Vs=0,

tems produce (via the small gain theorems) sharper bounds 0191 (5, k)<Pag(s, k), Vs=0, Vk e Z,.

solutions of the composite system; (iii) the smallest functions “

will be different in general for each of the properties }$$  If, on the other hangd),, € .# andf, € # Z, then the system
ISS; and IS$ax (this further motivates our notation). In the (1) is 1SS, with (8,, y.)-

sequel, we provide a framework for the computation of mini-

mum functionsf 4. B, Bmax @Nd7Y 4G 74+ Ymax Via dynamic  Proof. Suppose system (1) is IS8 with (B45.74¢6)- Then,

Using the above definitions, we can state the main result of
this section:

programming. the system is AG withy,; € 7.
Sincef is continuous, by Lemma 10 iBao and Lin (200Q)
3. Dynamic programming v6>0,Vxg € R", we can prove the following property:

Ve > 0, 3K (depend only ong ande¢), such that
In this section we define a value function that is used in the

derivation of our subsequent results, and present a dynamic prét (k. X0, )| <746 (0) + &, V=K, Vuloo <9,
gramming equation to compute it. The dynamic programminthiCh impliesvé(xo, k)<y,6(5) +e. Yk=K.Sincee is ar-

equation can be used in developing numerical algorithms fof)itrar we havey? <. (5). Hence by (11
testing each of the characterizations of the 1SS property that Y a (¥0) <746 (0). y (11,

were defined in the previous section. In particular, we can obo<y,(0) <y45(9) <+ 00, Vi>0.
tain minimum disturbance gains and/or the minimal bounds on

the transients by using this technique. Sincey,(0) = 0 andy ¢ is right continuous at 0, we have
Forx € R", >0, integerk € Z, denote yoo(p) =0 andy,, |s_r|ght continuous at 0. Thu,%o eA. _
) Since the system is 1SS With (845, 74), itis 0-GAS with
VO(x,k):= sup {|x(k, xo,u)|: xo=x}. (7)  Bag € #Z. Hence, whemn = 0, the trajectories satisfy
llulloc <0

. x(k, x0,0)| < xol, k), VxoeR", VkeZ.,.
The value functiorV? (x, k) satisfies the dynamic programming (k. x0. )< Pag (1xol. 5 0 *

equation (DPE) Consequentlyys >0, Vk € Z,, for any initial statexg such
that|xo| <s, we have

VO(x, k)= sup VO(f(x,u), k — 1) (8)
lul <o lx (k, x0, 0)| < B ag(Ix0l, k) < PG (s, k).
with the initial condition By (7) and (11),

Vo(x,0) = |xl. ©) B, k) <Ppc(s.k) < +00, Vs>0, VkeZ,.
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For fixedk € Z, since O< f,,(s, k) < P4 (s, k) andf 45 (s, k)
is right continuous at 0 witt§,;(0, k) =0, f,(s, k) must be
right continuous at 0 with3,(0,k) = 0. So f,(-. k) € A .
Moreover, for fixeds >0, since G f,(s, k) <P (s, k) and
Bac (s, k) tends to zero aB — oo, f3,(s, k) also tends to zero
ask — oo. Thus, we have proved thf € %" Z.

The sufficiency part of the proof follows directly from
the definitions of 1S3, AG, 0-GAS, the gainy,, and the
functionf,. O

Remark 12. Itis clear from the above proof that system (1) is "¢

AG if and only if y,, € #". Moreover, system (1) is 0-GAS if
and only if§, € A" &.

5. Necessary and sufficient conditions for ISS

In this section we show how the value functigfi(x, k) can
be used in analysing the 1SSproperty. Results of this sec-

tion are slightly weaker than the results of the previous sectio

since they do not produce minimgl andy, simultaneously.
Instead, we show that given a fixed it is possible to compute
a minimal 8, corresponding to the givep, and vice versa.
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and

Bit (s, k) : = sup B+ (9, s, k).
60=>0

(14)

The main result of the subsection is presented below.

Theorem 14. For fixedy, € ', ifthere exist$, € #"Z such
that systen(1) is ISS; with (6, ,7.), thenf,* € # % and
" (s, k)< Pu(s, k), ¥s=0, keZy. (15)

C%nversely if gt € A%, then system(l) is ISS, with
(ﬂaJra VJ,»)

Proof. Lety, € # be fixed, if there exist§, € #".Z such
that system (1) is ISSwith (8, ,7,), then¥§>0,

fetk, x0, )| < B (Ixol, k) + 7.4 (9),
Vxo € R", V|ulloo <9, Yk € Z,. Hence

VO(x, k) — 7, (0) <P (x|, k), VxeR",

Consequently, results of this section are divided into two suby;; Z., V6>0.

sections addressing, respectively, the case vfheis fixed and
the case when, is fixed.
We note that the gaip,, (defined in (11)) which was used in

Sincef_ (s, k) is nondecreasing ia (for fixed k), we have

characterizing the IS&; property is not appropriate for results  sup Va(x, k) =y, (0)<p, (s, k), Vs=0,

in this section. For this reason, we introduce a new functjon
Define

7,(8) = max{yoo(é), supVv?(0, k)} . (12)
k>0

We first show that, (defined in (11)) and, are, respec-
tively, lower bounds fois, andy_.
Lemma 13. If the systenfl) is ISS; with (8, ,y,),theny, €
A, B, e #ZL and
74(0)<y4(0), V6=0,
Ba(s, )<P (s, k), Vs=0, VkeZ,.

Proof. Since system (1) is ISSwith (£, ,7,), it is AG with
7, and 0-GAS withp, . From Theorem 11, we only need to

prove that sup/‘s(o, k) <y, (9),¥6=0. Choosingrg = 0, the
k>0
ISS, property implies thavk € Z .,

sup |x(k, 0, u)| <y,(9).

llulloo <6

HenceV9(0, k) <y,(9), ¥k € Z; and hence sup’®(0, k)<

k=0
y4(0). O
5.1. Minimal g, for fixedy_

For a fixedy, € ", we define

B9, 5, k) := max{ sup V°(x, k) —7,.(9),0

[x]<s

(13)

[x|<s

VkeZ,, V6=0.

Noting thatf, (s, k) is nonnegative, by (13) we have
0< B+ (3,5, k) <Po(s, k), Vs=0, VkeZy, V5=0.
Sinceo¢ is arbitrary, we have

0< i (s, k) <Py(s. k), Vs=0, Vk € Z,.

Itis easy to see that,* € #'Z, asfi, € # L.
The sufficiency part of the proof follows from the definitions
of g, and ISS.. O

5.2. Minimaly, for fixedf,

For a fixedf, , we define

W0(8) = sup supmax(Vi(x, k) — B, (Ix1.5).0).  (16)

xeR" keZ .

The main result of the subsection is presented below. The
proof is similar to that of Theorem 14 and is omitted.

Theorem 15. For fixed B, € #'Z, if there exists), € 4

such that systerfl) is ISS; with (8, 7.,), thenyég+ € A and
)<y @), vexo. a”)

Converselyif y, " € #’, then syster(LL) is ISS; with (., yf*).
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6. Necessary and sufficient conditions for |Sgax

In this section we present necessary and sufficient condition
for 1ISSnax and moreover, we obtain in a similar manner as in

the previous section, a minimum gaif 4 for a fixed transient

bound f,,ax @and vice versa. The constructions of the minimal

2059

By (18), if sup VO (x, k) > 7max(d), then

[x]<s

sup V‘S(x, k)

x| <s

< MaX{ Bmax(s: £), Ymax(9)} = Bmax(s, k).

27’max(5, s, k) —

functions are different from the constructions in the previous; SUP VO(x, k) < pman(d), then
section although the ideas are the same. The following lemma |y| < T Aman

follows directly from the definitions of,, y, and the property
ISShax-

Lemma 16. If system(1) is ISSnax With (Bmax Ymax)» then
Vo €X', B, € AL and

'ya (5) gymax(é), V5>01
Pa(s, k) < Prmax(s. k), Vs=0, VkeZ,.

6.1. Minimal fi,ay for fixedyax

FOr ymax € /4, We define

B, 5, k) ‘
sup VO(x,k) if sup VO(x,k)
[x]<s [x[<s
o > Vmax(é)’ (18)
0 if sup VO(x, k)
[x[<s
gymax(é),
and
Bm(s, k) := supB ™S, 5. k). (19)

0>0

The main result of this subsection is presented next.

Theorem 17. For a fixed yyay € 4, if there existsfay €
A& such that systen(l) is ISSnax With (Smax Ymax: then

B e # 7 and

Bm(s, k) < Brnax(s. k). Vs =0, ke Zy. (20)

Converselyif B™ e # 2, then the system iESSmax with

Vmax
Ba s Ymaw-

Proof. Let yax € 4 be fixed. If there exist$, . € # L
such that system (1) is 1S2x With (Bnax Ymax), thenvé >0,

|X(k, X0, I/t)l g max{ﬁmax(|x0|’ k)7 Vmax(é)}a

Vxo € R", V| ulloo <9, Vk € Z. Hence

VO(x, k) < max{ a1, £), Tmax(®)},

Vx € R",Vk € Z,,Y¥5>0. Since f,ax(s, k) iS nondecreasing
in s (for fixed k), we have

sup V2 (x, k) < Max Binax(ss ), Tmax()},

[x|<s

Vs>0, VkeZ,, ¥5>0. (21)

~

B0, 5, k) = 0< Pryax(s. K.

So, in either case we have

0<B™(8, 5, k) < rmax(s. k).

Sinced is arbitrary,

0<BI™ (5, k) < frnan(s, b, V520, Vk € Zy.

It is easy to see that "™ € # 7, sincefmay € A L.
The sufficiency part of the proof follows from the definitions
of ﬁflm“ and ISShax.

6.2. Minimalyay for fixed

For a fixedfax € # £, we define

max(s, 5. k)
sup VO(x,k) if sup VO(x,k)

[x|<s [x|<s
_ > Pmax(s, k), (22)
o if sup VO(x, k)
[x]<s
gﬁmax(sa k),
and
~ﬁmax R ?/fmax
74" (0) 1= sup sup p"ma(4, s, k). (23)

$20 keZ

The main result of this subsection is presented next. The
proof is similar to that of Theorem 17 and is omitted.

Theorem 18. For a fixed 0 € 42, if there existsyay €
2 such that the syste(t) is ISSnax With (Brax Ymax) for some

Vmax € X, thenjhm ¢ 7" and

~p -
THm(5) < pman(@),  ¥6>0. (24)

Conversely if yfmax € A, then the system i$SSmax With

A

Remark 19. It can be seen from Theorem 11, Lemmas 13 and
16 (see also Eq. (12)) that the minimal |&5gainy,, defined

by (11) is a lower bound of both the minimal I$$§ain and the
minimal 1SSnax gain (this is also clear from the different ISS
definitions). However, we do not have clear formulas for the
minimal ISS, gain and the minimal ISfx gain. In fact, there

is a tradeoff between the minimal ISS gain and the minimal
transient bound for the ISSand IS$ax cases. Moreover, our
examples (see Examples 2 and 3 in Section 8) shows that the
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limit of some good ISRax gains may not be a good I  x(k, xo, u) andx (k, zo, v) satisfy:
gain itself. Our results (see (16) and (23)) also show that for a

k, xo, u) — x(k, zo,
fixed transient boun@, = f,a, the minimal IS§ gain yaﬁ ek, xo, ) = x(k, zo, V)|

is not greater than the minimal I§& gam}f”‘ax if they both < maxfllxo = zol, £). 7(llu = vlloo)},
exist. The minimal transient bounds of different ISS definitionsfor all xo, zo € R", allu, v € I and allk € Z ..
enjoy a similar property.

In order to state the appropriate dynamic programming equa-
tion for 4-1SS, we introduce the followingri2dimensional aux-
iliary system containing system (1) and an augmented exact

Itis possible to analyse several other ISS like properties usingopy:-
techniques of Sections 5 and 6. In particular, we sketch below
how one can analyse input-to-output stability (I0S) and incre-
mental input-to-state stability4¢ISS) that were, respectively, Here x;, 7z € R" andug, vi € R™. Then, we introduce for
considered inSontag and Wang (2001gnd Angeli (2002)  x ; ¢ R", §>0, integerk € Z_,.

Other ISS like properties can be analysed using similar tech-’ 5

7. Analysis of related ISS like properties

X1 = f (X ur),  zkv1r = f (2, vi).

niques, but we have omitted those results for space reasons. WO (x, z, k)

Consider system (1) with the output
Ve = h(xg). (25)

We introduce the following two 10S properties:

Definition 20. System (1) with Output (25) is 1QS (with
(B, 7)) if there existsy € #" andff € # %, such that

|h(x(k, x0, u))| < Blxol, k) + 7(llulloo),

Vioe R, uely, keZs. (26)

Definition 21. System (1) with Output (25) is 1Q&x (with
(B, ) if there existsy € #" andp € #" %, such that

|7 (x (k, xo, u))| < max{S(|xol. k), y(llulloc)},
Vxp e R", ucly, keZ,. 27)

Forx € R", 6 >0, integerk € Z,, denote

U°(x, k) := sup {|h(x(k, xo,u))| : x0=x} . (28)
ltlloo <O

The DPE forU?%(x, k) is

U(x, k) = sup U°(F(x,u), k — 1) (29)
lu| <5

with the initial conditionU?® (x, 0) = |h(x)].

Another property that can be treated in a similar way is mcre

mental ISS 4-ISS) considered iAngeli (2002) In particular,
we can define the following two characterizationgl-0§S:

Definition 22. System (1) is1-1SS; (with (8, 7)) if there exists
y e A andp e 4%, such that any two solutions(k, xg, u)
andx (k, zo, v) satisfy:

|x (k, x0, u) — x(k, zo, V)| < B(lxo — zol, k) + y(llu — vlleo),

for all xg,zo0 e R", allu,v el and allk € Z.

Definition 23. System (1) is4-ISSyax (with (8, 7)) if there

= sup
lu—vlloo <0

{|X(k, X0, I/t) _)C(k, 20, U)' cX0=X,20= Z}-

The DPE forW?o(x, z, k) is
sup WO(f(x,u), f(z,v), k —1)

lu—v| <o

Wo(x,z, k) = (30)

with the initial conditionW?(x, z, 0) = |x — z|.

Results similar to those in Sections 5 and 6 still hold for
I0S/4-ISS properties defined above. It should be noted that
the results in Section 4 do not hold since we do not have an
appropriate asymptotic gain characterization of IOES.

8. Examples

In this section, we present three examples to which the re-
sults of Sections 3—6 are applied. The first example shows that
the minimal asymptotic gain for an ISS system may be discon-
tinuous. The second and third examples consider, respectively,
scalar linear systems and a second order nonlinear system.

Where necessary in analysing these examples, a numerical
scheme is applied to solve DPE (8) approximately. This scheme
utilizes a bounded discretized input bound spacstate space
X and input spacdJ. In terms of notation, these spaces are
denoted, respectively, by

{x € R |X|<xmax}NX,

={u e R:|ul<d}y,, Je€A. (31)

Here, N4, Nx and Ny, respectively, refer to the number of
points in each of the discretized spacésX and U°. The
result of applying DPE (8) over these discretized spaces is an
approximation forv9. With V°(x, k) computed for alb € 4,
computation of approximations for the remaining quantities is
then possible.

We acknowledge that, while straightforward in principle,
these approximations can be computationally expensive to ob-
tain. Aside from this observation, we stress that while the details
of the attendant numerical scheme are important, the scheme it-

existsy € # and f € A%, such that any two solutions self is not fundamental to understanding the concepts presented
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in this paper. Consequently, a detailed discussion of possible o[ . ’
numerical schemes is postponed for inclusion in a later paper. g} .. N R R
16 R EEEEEEEEEEEEEEEEEEEEERREE
8.1. Example 1: A system with discontinuous minimal who T
asymptotic gain o b ]
@ 10 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Consider the one dimensional system = O A
Xip1 = 3xx(L+ ¢k alug])), (32) i """"""""""""""""""""""""""""""""
where 2 b
1, s € [0, 20), 0 ; R AR
P(s) = {21— s, s €[20,21), (33) 9 9.5 10 10.5 1
0, s € [21, 00), 5
and Fig. 1. Approximation ofy,, obtained by dynamic programming (Example 1,
Omin =29, dmax=1 = 20).
0, se [0’ 9), min max 1 xmax )
a(s) = :s -9, 5€[910), (34)
1, s € [10, c0) By direct calculation using (8) and (9), we obtain

are both continuous functions.
(i) AG property It is not difficult to prove the following two
facts:
llullso € [0, 10) = suplim suplx(k, xg, u)| = 0.
x0eR k—o0

lll|oo € [10, 00) = suplim sup|x(k, xo, u)| € [20, 21]. (35)

x0€R k—o0

This implies that system (32) satisfies the AG property and &oc(9) = SUP Vo) =

continuous asymptotic gain can be chosen as

0, s €[0,9),
Y1(8) = { 21(s — 9), s €19, 10,
21, s € [10, c0).

(i) Minimal asymptotic gainlt also follows from (35) that
any candidate asymptotic gajn; € #" for system (32) must
satisfy the inequality 4 (s) =y (s) for all s >0, where

{0, se[0.10.
/0(”_{20, s € [10, 00).

Hence, the minimal asymptotic gajg, defined by (11) must
satisfyyg(s) <74 () <y1(s) for all s >0, which implies a jump

discontinuity iny, ats =10. Using the dynamic programming
technique provided in Section 4, we obtain an approximation
of y, which is shown irFig. 1 Although computed on a finite

grid, this approximation clearly demonstrates the jump discon

tinuity (ats = 10) in y.

Remark 24. This example demonstrates that for some system&/:,

the minimal asymptotic gain,, can be of class?"\.7".

8.2. Example 2: A class of scalar linear systems

Consider the class of scalar linear systems given by
Xi+1 = axy + buy, (36)

where O<a <1 andb>0.

Va(x,k)zaklxl—f- ( (37)

1—aF
bo.
l—a )
ISSa property Applying definitions (10) and (11), we have
b
(=2)°
l1-a
b
(=2)°
xeR” 1—a

B.(s, k) = sup VO(x, k) = sa*.

[x[<s

V2 (x) = lim supV°(x, k) =

k— 00

Sincey,, € 4 andp, € # %, Theorem 11 implies that system

(36) is ISSic with (B, Y50)-
ISS; property Applying definition (12) ofy, (),

b
100 =max 10, (12 ) o} =0 (39
(i) Minimal g, for fixedy, : Usingy, as a candidate (fixed)
gainin testing IS$ (i.e.y, =y,), definition (14) of the minimal
corresponding transient bound yields

Bt (s, k) = sa* = B, (s, k).

(if) Minimal y,_ for fixed 8 : Using 8, as a candidate (fixed)
transient bound in testing 1ISS(i.e. f, = f,,), definition (16)
of the minimal corresponding gain yields

3 b .

A0 (l—) 8= 74().
—da

Both Theorems 14 and 15 imply that system (36) is|$8th

(B,, v4), indeed, this is the minimal possible pair.

Remark 25. Calculations (i) and (ii) above highlight an impor-
tant property of scalar linear systems. In particular, (i) shows
that the minimal IS$ transient bounc}?é+ determined using
the minimal candidate 1ISSgainy, =y, is exactly the min-
imal candidate 1SS transient boungB,. Similarly, (ii) shows
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that the minimal candidate ISSgain boundy, is recovered as represent, respectively, control and disturbance inputs at time
the minimal ISS gain. That is, both approaches yield that thek € Z,. The Lyapunov function utilized in the backstepping
ISS; property holds with the transient bound/gain pair definedprocedure was

by the minimal candidate transient boufig and the minimal

. . L . 1 3 X1 o,
candidate gairn,. We note that this is not in general the case,V (x1, x2) = 5|X1I 52— 5 V) (41)
either for other classes of systems or other equivalent ISS prop- o ) . ) ,
erties. This is illustrated below in the 1SS, case. The aim is to determine the minimal asymptotic gain and tran-

sient bound for which the 1SS; property holds (from distur-

ISSmax property. Unlike the ISS. property, however, we find Pance to state) for this closed loop system.
that (for this example) the 1SSy property does not hold for ISS Lyapunov characterizatiand/e present Lyapunov char-
the pair defined by the minimal candidate transient boyid acterizations of ISS for two state space representations of the
and the minimal candidate gaip). closed loop system (40). Using the Lyapunov funcbgiven

(i) Minimal fay for fixed ymac Using 7, as a candidate by (41), we find (in both characterizzations) the functions
(fixed) gain in testing 1SSax (i-. ymax=74), by definition (19) ~ %2: #3, @ € # oo Such that for allr € R,
we obtain aa(lx]) <V (x) <oa(]x]),

BVmax(s’ k) =s, V(f(x,w)) = V()< —oaz(lx]) + a(jwl). (42)
(i) Characterizationl: (State vector = [x1 x»]".) System

40) satisfies the Lyapunov characterization (42) of ISS with
yapunov function (41), where

which is not of class?” 2. Hence, the gain, is too small to be
a gain candidate for computing the minimal transient bound. T
illustrate this point further, suppose a slightly larger candidate

gain is chosen, namely 21(s) = min (1_10& l_16S3> Caa(s) = %ﬁs + %2%
)= 0070 (s, 7). =3 w)

wheree > 0 is fixed and small. Using (19) again yields that . o -
(i) Characterization2: (State vectof = [x1 y2]'.) System

=Vmax _(1+e K (1+e (40) can be expressed in the coordinates: [x1 y»]', where
ﬂa (S7 k) - k sa = k ﬁa(s’ k)y . .
a*+¢ ak + ¢ y2 := x2 — (x1/2) + I/x1. Then, the closed loop dynamics are
linear, with

which is of class#  for any e > 0. Hence, by Theorem 17, L
system (36) is IS@ax With (8™, Ymas Ymax = (1 + &), Skp1= |:§ 1-] St |:Oi| Wk- (44)

(i) Minimal y,qy for fixed fmae Using B, as a candidate 0 3 1
(fixed) transient bound in testing 1%&« (i-€. fmax= ), BY  Consequently, system (44) satisfies the Lyapunov characteriza-
definition (23) we obtain tion (42) of ISS (in the coordinates) with Lyapunov function

Shmes(8) — 00 g @D VeLy2) =gt Sl2l, and

lin _1 lin 3
for all 6> 0, which is clearly not of class#". This implies “1' (5) =25, azA ($) = 755
that the transient boung, is too small to be a candidate tran- 4" (s) = 3s, ¢'"(s) = 3s. (45)
sient bound for ISQax. To illustrate that this system is 158

choose the slightly larger transient bound Applying results fromNesc and Teel (2001hNesi and Teel

(2004) there existsc1,k2 € A o such that

Bmax(s. k) = (1 + £)B, (s, k), r1(lx]) < &< rea(]x). (46)
wheree > 0. By (23), In this case,

Braegy — (1201 20 _ (1. 1),

Va"(8) = (1+ e) 1-a- <1+ s) Va(9), k1(s) = . [Rk1 (%s) K2(s) = v/3s + 25, (47)

which is of class#". Theorem 18 then implies that system (36)

~ — minle2 (=112 ~ ._ 3
5 1SS With (frse n}gmax), b= (1+e)f,. wherei1(s) = min(zs%, (1 (35))°) and py(s) = s + Is.

Here, it can be shown thab; ' € # . Combining (42),
(45)—(47) implies that the closed loop system (40) satisfies the
Lyapunov characterization of ISS in the originatoordinates
with bounds

8.3. Example 3: A two dimensional nonlinear system

Consider the 0-GAS closed loop system

X1 k1= X2k + X1k, (40)
X2 k41 = X2k — %ka + . Ix1k — Ixox + Yx1k + wi,

li 1
obtained via backstepping from the corresponding open loop3(s) = 25" © K1(s) = Fra(s),
system withxo 11 = ux + wi. Here,uy € R andw; € R a(s) = d'(s) = gs. (48)

01(s) = 4" o k1(s) = FK1(s),
lin

n2(s) = 05" 0 Kka(s) = 5K2(s),

n
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ISSac gains Applying results fromliang and Wang (2001) wherey'i" is the minimal asymptotic gain for system (44). It
the Lyapunov characterization (42) of ISS implies that thecan be shown that a candidate asymptotic ggﬁg for system

ISSnax property holds with gain (44) isy'in(s) = 5s. Hence, an upper bound (52) for minimal
L L asymptotic gairy,, is

7 =0, odpoo, (la(s)), A>1. 49

Ymax($) 1 OWU2004 (Aa(s)) (49) ”/oo(s)ngl(Ss)- (53)

As the IS$ax property implies the IS§; property (with iden- (iv) Lower boundL: A lower bound;_ for the minimal 1SS

tical gains), (49) is an upper bound for the minimal k39ain  gainy__ follows from (11). In particular, for anyi satisfying

Voo Thatls, llii]lso <s, We can define

Yoo (8) <VaG () 1= Ymax(s)- (50)  y—(s) := suplim sup{|x(k, xo, &)| : x0 = x} <y (5).

xeR"  k—o0

(i) Upper boundl: By direct calculation using Characteri- For this exampley was chosen (arbitrarily) to be a square wave
zation 1 and (49), we obtain an upper bound for the minimabf amplitudes and period 10 samples.

asymptotic gairy.: (v) Minimal asymptotic gain via dynamic programmirfgn
approximation to the minimal asymptotic gajg, () for the
Vo0 (8) < Vmax1(s) nonlinear system (40) was computed over three overlapping

intervals¢é € [0.00,0.05], 6 € [0.05,0.25], ¢ € [0.25,1.00]

and combinedFigs. 2and 3 clearly demonstrate that asymp-
totic gains obtained from the Lyapunov characterization of ISS
)1/3 can be very conservative when transformed to other character-

3 max307s, 2(6/s)Y/3)1/3
_ 4/3
— max<2 / ( 576

5 307 5, 2(625)3
+ Max304 s, 2(64s) ) izations. This highlights a distinct advantage of the dynamic

2J2
1/3\1/3
10 3 ma)(30/1s, 2(6/15) ) c 400 3 T %
25/6 s r ! < :
g 380 S o P T
5 max30is, 2(6s)Y/3) Z S A :
+ NG . ‘5300"""';'”:' """"" T R o
2 ° : s : :
Z250f & A ERRLRESETE RERERRRERE
c ! < — -
where/ > 1. Boool T Upper bound 1 |
(i) Upper bound2: We repeat the calculation of (49) us- £ ... |8 o L 2. Upperbound3 | |
. L. . € 1509 P : — Lower bound 1
ing Characterization 2 and obtain another upper bound for the g ° & 3 3 3
minimal asymptotic gain: 2 100p 2 S SR SR
c & . . . .
8 50f . o AR o T
Voo(s)gymax2(s) @ Oﬁx M—A—A— A DA b A A A DA & AR
= 4(6v/2(67s + (645)Y3)1/3 4+ 6v6(61s 0 0.2 0.4 0.6 0.8 1
S
+ (625)3) Y3 4 242v/2(6)s + (615) /313 o, 2. Comparison of.. obiained by dynan _ g
ig. 2. Comparison of., obtained by dynamic programming, upper bounds
+ 2V/6(67s + (65)Y3)), 1-3, and lower bound 1 (Example 3).
where > 1.

—— DPE computation
-=-- Upper bound 1
--o-- Upper bound 2
-2~ Upper bound 3
— - Lower bound 1

(i) Upper bound3: Suppose thav’?(¢, k) is defined for
system (44). Then, from (7) and (46),

VO(x, k)< sup {k]t(IEk, Eo, w)]) s o= &)

llulloc <0

=k H(VO(E k). (51)

The minimal asymptotic gain,, for system (40) is then

Yoo (0) = suplim supvé(x, k)

xeR2 k—o00

Bounds on minimal asymptotic gain

O H H H H
-1 . 5 0 0.2 0.4 0.6 0.8 1
<Ky~ | suplim supV?(¢, k) s
feR2 k—o0
1 lin Fig. 3. Enlargement oFig. 2 illustrating the DPE computation and lower
=K1~ 0 s (0), (52) bound (Example 3).
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