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Abstract

The purpose of this paper is to describe systematic analysis and design tools
for robust control problems with [*° criteria. We first generalize the Hill-Moylan-
Willems framework for dissipative systems to accommodate [°° criteria, and then
derive state feedback and measurement feedback synthesis procedures for [*° robust
control problems. The information state framework is used for the measurement
feedback robust control problem. Necessary and sufficient conditions are proved,
and new synthesis procedures using dynamic programming are presented.
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1 Introduction

Techniques for the design of robust control systems and indeed for optimal control in
general have primarily made use of integral-type performance criteria. These criteria are
sometimes referred to as soft criteria, since a bound on the performance integral need
not guarantee that an output quantity meets absolute bounds or constraints. In some
applications it is important for outputs to meet hard constraints in the time domain, such
as absolute regulation error always less than a specified amount. Further, persistent input
signals may be present that do not have finite energy. These situations can be formulated
in terms of L*™-type (or {*°-type) criteria, which might be called hard criteria.

Methods for analysis and design using hard criteria have been considered for some time,
mostly for linear systems. We mention here a small selection of results in the literature.
The [' optimal control problem was introduced by [23], and solutions were obtained using
linear programming in (6], [7], [4], [5]. These solutions [21] can be infinite dimensional and
dynamic, although finite dimensional approximation methods were developed. In [20],
[21], near optimal memoryless nonlinear state feedback solutions were obtained, using
controlled invariance kernels and viability theory. These results were very interesting,
given that the plants were described by linear dynamics. More recently, in [8] dynamic
programming equations were derived for the state feedback problem for linear systems.
In [22] set-valued observers were considered, and a separation structure controller was
derived for linear systems. Here, the controller was a static function of the set-valued
observer state. Also, we mention the papers [9] and [17], which considered the problems
of L*> worst-case analysis and rejection of persistent bounded disturbance for nonlinear
systems.

Our objective in this paper is to describe systematic analysis and design tools for
robust control problems with hard criteria. We begin by generalizing the Hill-Moylan-
Willems framework for dissipative systems, originally developed for integral performance
criteria, to accommodate [*° criteria. The generalization of the dissipation property to
the [* case is completely characterized in terms of a dynamic programming equation (or
inequality) related to equations [9, (14) and (15)]. This is done in a way which makes
use of a formal analogy between integrals and max-plus integrals (involving the (essential)
supremum of a function on an interval), with links to the optimal control problems studied
in [2], [3].

This analysis framework is then developed to derive state feedback and measurement
feedback synthesis procedures by exploiting connections with optimal control and game
theory. We prove necessary and sufficient conditions. In the state feedback case, related
results are available for linear systems, e.g. [8, Section V]. For the measurement feedback
[* robust control problem, we employ the information state framework [14], [15], [10],
and obtain dynamic controllers that feed back the information state. The information
state is a generalization of observer or filter, with a state computable from measurement
data. For the special case of what we refer to as the uniform [* bounded dissipation
problem (essentially specified in [22, Definition 4.1]), it is shown that the controllers can
be chosen to feed back only a set-valued state estimate, to which the information state
reduces, consistent with the separation structure of [22, Theorem 4.1]. We illustrate the
synthesis procedure by applying it to simple linear and bilinear examples. Interestingly,



the certainty equivalence principle as used in linear H* control [14], [1], [10] does not in
general usefully apply in this /> context.

This paper considers discrete time nonlinear systems for technical simplicity. We do,
however, present some of the analogous continuous time equations and inequalities for
comparison. The continuous time case is more technical and is considered in a separate
paper.

Some notation used in this paper:

By c R" (Section 2.1, Definition 2.2)
LIB dissipative : [*>~-bounded dissipative (Section 2.1, Definition 2.2)
Wo k-1 = {wo, -+, We_1} (Section 2.1, equation (2.3))
R =RU{+o0} (Section 2.2, equation (2.5))
R=RU{—o0}U{+o0} (Section 4.2, equation (4.4))
x={p:R"— R} (Section 4.2, equation (4.5))
(p) = sup p(x) (Section 4.2, equation (4.6))
rzER™
support p = {z € R" : p(z) > —oo} (Section 4.2, equation (4.7))
g(z) = sup g(x,w) in Section 2 (Section 2.1, equation (2.2))
weW
g(x) = 1n€I sup g(z,u,w) (Section 3.1, equation (3.2))
we
p; : information state (Section 4.3, Definition 4.5)
F(p,u,y) (Section 4.3, equation (4.20))
G(p,u,y) (Section 4.2, equation (4.9))
G(p) = inf sup G(p,u,y) (Section 4.2, equation (4.10))
ueU yey
0, if reM
ou(x) = { oo, if zé M (Section 4.2, equation (4.8
F(X,u,y) = F(dx,u,y) (Section 4.5, equation (4.54
G(X,u,y) = G(dx,u,y) (Section 4.5, equation (4.55

G(X) = G(dx)

V, : avaliable storage in Section 2

V., : state feedback value function in Section 3
W, : measurement feedback value function
domV = {zx € R": V(z) < 400}

domW ={pe€ x: —oo < W(p) < +oo}

S C domV C R™

)
)
)
(Section 4.5, equation (4.56)
(Section 2.2, equation (2.8)
(Section 3.1, equation (3.6)
(Section 4.4, equation (4.29)
(Section 2.2, equation (2.6)
(Section 4.4, equation(4.25)
(Section 2.2, Definition 2.
S ¢ domW C ¥ (Section 4.4, equation (4.26)
S={x:XCR"}C¥x (Section 4.5, equation (4.51)
S" = {subsets of R"} (Section 4.5, equation (4.52)
Jp(K) (Section 4.2, equation (4.12)
T (K) ( (122)
You (K, B) ( (4.23)

] Section 4.3, equation (4.22
Section 4.3, equation (4.23

)
)
)
)
)
)
)
)
)
3)
)
)
)
)
)
)



2 Analysis

2.1 [* Bounded Dissipation

Consider nonlinear discrete-time system
€k+1 = f(fk,wk) (21)
k. = g (gkvwk)

Here, & € R™",w, € W C R?, and 2, € R are the state, disturbance input and perfor-
mance output quantity, respectively.

Assumption 2.1 Assume that

g(x) 2 sup g(z,w) < o0, VoeR"™ (2.2)
weEW

We employ the following notation:

Wok—1 = {wo, -+, wr_1},Vk >0,
W()Jg_l = {U}Q,k_l w; € W,0<1 < k— 1}, k> 0, (23)
Wooo = {wo00 : w; € WH.

We adopt the convention that sets of signal sequences corresponding to the index k = 0
are empty, so that Wy _; = (. We also take the supremum over an empty set to equal
—00.

The following definition is motivated by the disturbance rejection problem specified
by [22, Definition 4.1], the worst case analysis of [9, Section IIB], the I! performance
specification formulated in [23], [6], [7], [4], [5] and the cost functions in [2]. It is one
possible definition of dissipation-like properties with [*° criteria. The dissipative systems
framework was developed by Willems, Hill and Moylan [19], [11], [12].

Definition 2.2 Given By C R", the system (2.1) is [*°-bounded (LIB) dissipative with
respect to By if there exists a 0 : By — R such that

2L S 5(1‘0), \V/&) = X9 € B(),VUJ()JC € W(),k,Vk’ Z 0. (24)

2.2 Storage Functions

Denote .
R=RU{+oc0}. (2.5)

For a function V : R® — R, denote
domV 2 {r e R": V(z) < +00}. (2.6)

We denote T(A) = {f(z,w) : v € A,w € W} where A C R". A subset S C R" is
called a T-invariant set if 7'(S) C S.



Definition 2.3 Let S C domV C R be a T-invariant set. For system (2.1), V : R" —

R is called a storage function on S if

V(z) > maX{0<rr,l<élkﬁilg(§i,wi), V(&) }s Vo € S, Vwo -1 € Wog-1, Yk > 0. (2.7)

where & denotes the state trajectory of (2.1) with disturbance w and initial condition
& = z. Inequality (2.7) is called the LIB dissipation inequality.

Remark 2.4 As we will see in subsequent sections concerning synthesis, we find it useful
to consider storage functions V' relative to a T-invariant subsets S C domV (cf. [10,
Chapter 4]). O

In the general theory of dissipative systems, two particular storage functions are of
special interest, viz. the available storage and the required supply. In our present context,
the available storage V, : R™ — R is defined by

Va(z) =sup  sup max g(&;, w;), 2.8
(@) k>0 w1 EWo gy 0Si<h—1 ( ) (2.8)

where & denotes the state trajectory of (2.1) with disturbance w and initial condition
& = x (this is a generalization of the usual definition of available storage [19]).

Lemma 2.5 The available storage V,(x) is a storage function on domV, for the system
(2.1). Moreover, for any storage function V on S, we have

S CdomV,, V,(z)<V(zx),VxeS. (2.9)

PROOF. Proof of the fact that V, is a storage function is similar to the proofs of
[19, Theorems 1 and 2]. First of all, if z € domV, i.e. V,(z) < 400, then from (2.8),
Vw € W, V,(f(z,w)) < V,(z) < +00, i.e. f(z,w) € domV,, so domV, is a T-invariant
set.

Now for any x € R", k > 0, wg y—1 € Wy k-1, the definition (2.8) implies

Va(z) > max g(&,w;). (2.10)

T 0<i<k—1

Next, fix k; > 0, wé’kl_l, r € domV,. These determine the system (2.1) trajectory &},
0 <4 <k;. Given € > 0 there exists ky > k; and w£17k2_1 such that

< 2 w2
V) < max  g(&,wj) +e

where &, k1 < i < ky is the trajectory with & = & . Concatenate wg,, _, and wy, , _,
to form an input wg,—1 with associated concatenated trajectory &;, 0 <i < ky. Then

< Lw;) +e < .
Val€) < max g8, wi) +e < Valz) +e



Since £ > 0 is arbitrary, this inequality and (2.10) (with & = k1) implies

Va(r) = max{ max g(&,wi), Va(&k)}

0<i<ki—1

as required.
The minimal property follows from the following observation. If V' is a storage function
on S as in Definition 2.3, then by (2.7) Vx € 5,

V(z) 2sup  sup max g(&,w;) = Vo(x).
) k>0 wo —1EWp p—1 0Sih—1 ( ) (@)

Hence S C domV/,. O

The following theorem shows how storage functions characterize the LIB dissipation
property.

Theorem 2.6 The system (2.1) is LIB dissipative with respect to By C R™ if and only
if there exists a function V : R — R and a T-invariant set S such that By C S and V
is a storage function on S.

PrROOF. If system (2.1) is LIB dissipative with respect to By, then there exists a
0B : By — R such that

9(&kswi) = 21, < B(wo), Vo € Bo, Ywor € Wor, Vk > 0,
hence from (2.8) we have V,(x¢) < [(zo) for all zyp € By. Thus By C domV,, and from

Lemma 2.5, V, is a storage function on domV, with By C domV,,, as required.

Conversely, if V' is a storage function on S, then

2k = g(&k, wi,) < gg?g%g(&,wi) < V(zg) < 00, Vo€ S,Vwor € Wor, ¥k > 0,

Since By C S, () 2

V(zo) satisfies (2.4). O
Corollary 2.7 System (2.1) is LIB dissipative with respect to By if and only if By C
domV,.

Remark 2.8 In fact, if there exists a storage function V' on a T-invariant set S, then the
system (2.1) is LIB dissipative with respect to S. Moreover, domV, is the largest set on
which the system possesses the LIB dissipative property. O

2.3 Dynamic Programming Inequality

We now give an “infinitesimal”, or, precisely, a one-step, dynamic programming inequal-
ity that characterizes storage functions, and hence by Theorem 2.6 the LIB dissipation
property.



For V:R™ — R and S C domV C R", the LIB dynamic programming equation is

V(z) = sup max{g(z,w), V(f(x,w))}, Vo € S, (2.11)
weEW
or equivalently
Viz) = max{g(x),sggv V(f(x,w))}, Vo €S, (2.12)

where g(x) is defined in (2.2). The analogous LIB dynamic programming inequality is

V(z) > sg‘% max{g(z,w), V(f(x,w))}, Ve € S. (2.13)

Remark 2.9 The analogous LIB dynamic programming equation for the continuous time
system & = f(&,w), z = g(&, w), is the partial differential equation [13] (see also [2], [3],

[9]):
sup max{g(z,w) — V(z), VV(2)f(z,w)} =0 in S C domV. (2.14)

weW

OJ

Theorem 2.10 Given a function V : R® — R and a T-invariant set S, V is a storage
function on S if and only if (V,S) is a solution of (2.13).

PROOF. Assume that V is a storage function satisfying (2.7). Setting & = 1 and
wo = w € W this inequality implies
V(z) > max{g(&,w),V(&)}, Ve € S

which is simply
V(z) > max{g(z,w),V(f(x,w))}, Vz € S.
Since this holds for all w € W we obtain (2.13).

Conversely, assume (V, S) satisfying (2.13). Let £ > 0 and select wg z—1 € Wy -1 and
o € S. This determines a trajectory &, 0 < i < k. Since S is a T-invariant set, iterating
(2.13) we find that

V(zg) >V (&), VO<i<k V(&) >g(& w), VO<i<k-—1

Therefore V(zg) > V(&) and V(zo) > max ¢(&,w;). This implies (2.7). O

0<i<k—1

Theorem 2.11 (Necessity) If system (2.1) is LIB dissipative with respect to By, then the
available storage V,, defined by (2.8) satisfies

(i) By C domV,;
(i) Vo(x) > g(z), Vo e R", where g(x) is defined in (2.2).



(11i) domV, is a T-invariant set and the dynamic programming relation holds:

Vo(z) = sup max{0<m<ax lg(@,wi), Vo(&)}, Vo edomV,,Vji>0. (2.15)
<i<j-

wo,;j—1€Wo,j -1
i.e. V, solve the dynamic programming equation (2.11) with S = domV,.
(i) If (V,S) satisfies the LIB dynamic programming inequality (2.13), then

S CdomV,, V,(z)<V(zx),VxeS.

PROOF. (i) and (ii) are obvious by the definition of V,. For (iii), from Lemma 2.5,
we only need to prove

Va(z) < sup maux{O max 1g(§i,wi), Va(&)}, Vo € domV,, Vj > 0. (2.16)
J

wo,;—1€EWp,5-1 Sisj-

When j = 0, the inequality holds obviously. Now fix j > 0 and fix z € domV,, ¢ > 0.
Then there exists k& > 0 such that

Vi(z) < sup max ¢(&,w;) +e

wo,k—1€Wo, k-1 0<i<k-1
If £ <7, we have

< . .
Vo) = b o Big, 96 2
< sup max{ max g(&,w;),Va(§)} +¢
wo,j1 0<i<j—1
If j <k,
Vo(x) < sup sup max{ogngxlg(guwz‘), max g(&,w;)} +¢
<i<j—

wo,j—1 Wy k—1 jSZSk—l

< sup max{og%?ilg(fi,wi%Va(fj)}"’5

wo,j—1
Since € > 0 was arbitrary, we have proven (2.16).

(iv) follows from Lemma 2.5 and Theorem 2.10. O

Theorem 2.12 (Sufficiency) If there exists V : R™ — R and T-invariant set S satisfying
the LIB dynamic programming inequality (2.13), then for system (2.1),

2 < V(xg), V& =19 € S, Ywor € Wor, Vk > 0.

Moreover, if By C S, then system (2.1) is LIB dissipative with respect to By.

PrOOF. The conclusion comes directly from Theorem 2.6 and Theorem 2.10. 0



2.4 Remarks Concerning Evaluation of the Available Storage

Evaluation or computation of the storage function V, defined by (2.8) is an important
problem, considered at length in [9]. In this subsection we consider different ways in which
this can be done. We begin with proving an equivalent definition of the available storage.

Lemma 2.13 We have the following identity for the available storage:

Va(z) =sup  sup  g(&k—1,wr1) (2.17)

k>0 wo,k—1€EWo, k-1

where £ denotes the state trajectory of (2.1) with disturbance w and initial condition
§o = 1.

PROOF. Since max ¢(&,w;) > g(&—1,wg—1), Va(x) > sup sup 9(&r—1, Wg—1).
0<i<k-1 k>0 wo,xr—1€EW0, k-1

Now we will prove that

Va(z) < sup sup 9(&k—1,wg—1), Vo € domV,. (2.18)

k>0 wo,k—1€EW0,k—1

Fix x € domV,, Ve > 0, there exists kq > 0, w&kofl € Wo,k,—1 such that

Va@) < max  g(elu?) +-e.

~ 0<i<ko—1
Since kg is a finite number, there exists 1 < 75 < k¢ such that

o 9(EE ) = 0(El ).

Hence 0 0
Va(r) < g(&) 1wy q) +€
sup 9(&ig—1,Wip—1) + €

wo,i5—1€W0,ig—1

sup sup 9(Ek—1, wi—1) + €.

k>0 wo k—1€EWo, k-1

IAIN

IN

Since € > 0 was arbitrary, we have proved (2.18). O

Using Lemma 2.13, we have

Va(x) =sup  sup  max g(&)

k>0 wo,—1 €EWp 1 0SiSk—1

=sup sup g(&, wy
k>0 wo, r€EWp, ik ( ) (219)

—swp s gl&), VreR"
k>0 wo,xr—1€EW0,k—1
where g(z) is defined in (2.2). This identity suggests two iterative approaches for evalu-
ating V.
Define N
Var(z, k) = sup max g(&;) (2.20)

wo k-1 €W 1 0SISk—1

10



and N
Vao(z, k) = sup  g(&). (2.21)

wo,k—1€Wo,k—1
where g(x) is defined in (2.2).

Then we have
Vo(z) =sup Voi(z, k) = lim Vi (x, k)
= sup Vyo(x, k)

k>0

(2.22)

since k — V1(z, k) is monotone non-decreasing. However, the dynamic programming
recursions for these two functions are quite different. The function V,;(z, k) solves the
dynamic programming recursion

V(. k) = max{g(z), sup Vaa (f(, ), k = 1)} (2.23)
V;J,I(I7 1)

9(x)
while Vo(x, k) solves the (simpler) dynamic programming recursion

Vaa(, k) = sup Voo (f(w,w), k = 1) (2.24)
Vaa(z,0) = g(z)

Then
Var(x, k + 1) = max{Va(x, k), Var (z, k) }. (2.25)

Another derivation for the dynamic programming equality (2.15) satisfied by V, can
be obtained by considering sets of possible states, as follows. Denote

X(zg) ={z € R":3k >0, 3wy 1 € Wy i1 such that & = o, & = z},

then
Va(wo) = sup g(z)
ze€X (x0)
Since
X(wo) = {wo} L U X(f(wo,w0))}
we have

Va(wo) = max{g(zo), sup Va(f(zo, o))},

which is the LIB dynamic programming equality (2.12).

Remark 2.14 Invariant kernels play an important role in the papers [21], [22]. The LIB
dissipation property is equivalent to the largest invariant set under the uncertain dynamics
being contained in a set of the form D = {x : g(x) < $}. The set X (xy) we defined above
is the smallest T-invariant set which contains {x¢}. Also X (xg) C D whenever the system
is LIB dissipative with respect to By and ¢ € By. O

11



2.5 Mixed [*-Bounded/Integral Dissipation

In some applications it might be desired to incorporate an integral (sum) into the per-
formance criteria, and obtain mixed [*°*-bounded/integral criteria. Suppose we have a
System
Ererr = [ (& wr)
21k = 91(&ks W) (2.26)
zop = Ga(&k, wi)

with disturbance input w and real-valued performance output quantities z;, 2. The
system (2.26) is [*°-bounded /integral (LIB/I) dissipative if there exists a finite real-valued
bias function [ such that

k—1

>zt 2w < B(x0), Vag € R™, Vwgr € Wog, ¥k > 0 (2.27)
1=0

where the performance quantities are evaluated along the corresponding trajectory of
(2.26) with initial condition £(0) = xo.

The definition of LIB/I dissipation via inequality (2.27) consists of an integral term
(involving z1) and a point evaluation term (involving z3). The z; term gives a soft con-
straint, while the 25 term gives a hard constraint. However, it is not actually more general
than LIB dissipation. To see this, a problem specified by (2.26) and (2.27) is equivalent
to an augmented LIB dissipation problem given by

£k+1 = f(glm U)k)
Zi = g(&k, wi) (2.28)
and 3
zr < ﬁ([i’o), Vg € R",‘v’wo,k S Wo’k,\V//{Z >0 (229)
where
ék - <§k> s Me+1 = Mk +gl(§k7wk)7 ‘%0 - <$OO> )
Mk (2.30)
s o f(€7w) ~(F _
Few =, 190 ). iew = miew+a

2.6 Performance and Stability

The notion of LIB dissipation abstracts the approach to worst case analysis in [9]; the
definition (2.8) of available storage corresponds to the function defined by equations (2)
and (3) in [9]. Storage functions for LIB dissipative systems can be used to analyze L>
gain functions and induced L* gains over bounded signals [9].

In many applications asymptotic stability to an equilibrium, or stability about an
equilibrium, is an issue. We say that the system (2.1) has an equilibrium at x = 0 if
0 € W, f(0,0) =0, g(0,0) = 0. The next theorem is an example of a stability theorem
for LIB dissipative systems.

12



Theorem 2.15 Let V' be a storage function on S C domV for an LIB dissipative system
(2.1) with equilibrium x = 0, where g(z,w) = |z|.

(i) If xg € S, then the state is bounded as follows:
€kl < V(&) < V(xo), VE>0 (2.31)
whenever Wo oo € Wo oo -

(i1) Assume in addition that V' is continuous and V(0) = 0. Then for any wo s € Wo.co
the system (2.1) is stable, and V is a positive definite Lyapunov function.

(111) Assume in addition that V (f(x,0)) = V(x) = x =0, and that f(x,0) is continuous.
Then the system (2.1) is asymptotically stable when w = 0.

PrROOF. Since V is a storage function on S, from Definition 2.3, when {, =z € S,
Vk > 0,& € S and

|6kl = 9(&,w) < V(&); V(&) < V(o).
This immediately implies (2.31).

If also V' is continuous and V' (0) = 0, then given £ > 0 there exists § > 0 such that
|zo| < 0 implies V' (zg) < . Then (2.31) implies || < € for all £ > 0.

Since V' is positive definite and V (§g11) < V(&),Vk > 0, V is a Lyapunov function.

When V(f(z,0)) = V(z) = = = 0, f(x,0) is continuous and w = 0, since & is
bounded, from the Invariance Principle [16, Chapter 1, Theorem 6.3], & — 0 as k — oc.
So the system is asymptotically stable when w = 0. O

A useful application of LIB dissipation is to bound the maximum fluctuation of a
regulated variable r = ¢(z) from its set-point ry by using the performance output g(z, w) =

|e(x) = rol:

V(&) > |e(€) — ol = |k — 0], ¥V & >0, (2.32)

whenever wg oo € Wp oo-

3 State Feedback Synthesis

With the tools developed in the previous section in hand, we turn to the problem of
finding state feedback controllers achieving LIB dissipation for the closed loop.

3.1 Problem

Consider nonlinear discrete-time system

Err1 = [ (& un, wi) (3.1)

2 = 9(&k, wk, wi)

Here, & € R"u, € U C R™,w, € W C R? and 2, € R are the state, control input,
disturbance and performance output quantity, respectively.
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Assumption 3.1 Assume that

g(z) 2 inf sup g(z,u,w) > —oc0, Va € R" (3.2)

Besides (2.3), we employ the following notation:

zox = {wo, -,z },Vk >0,

uor = {uo, -, u}, vk >0,

.)('07143 = {.7307]C X € R",O < < k},
Z/{ng = {UQJC U € U,O <1 < k},
XO,oo = {$0,m X € Rn},
Upoo = {1000 : u; € U}

An admissible state feedback controller is a causal map K : Xy oo — Up «, meaning that
for each time k > 0 if 2!, 22 € Xy o and z} = 27 for all 0 <[ < k then K(z'), = K(2?)y,
i.e., the control at time k is independent of future states. Denote by K the class

of such admissible state feedback controllers. We sometimes abuse notation by writing
up = K(xo) or u= K(x).

Problem: Given By C R", find a state feedback controller K € K4 such that the
closed-loop system is LIB dissipative with respect to By.

When using state feedback controller K € K4, the closed-loop system is

Eer1 = f (& K (o), wr)

3.4
2 = (ks K (Sok), wi) (3:4)
For this closed-loop system, we define
A
() 2 sup sup {g(6 upwn) s u= K(©)}, Vo € RY (35)

k>0 wo,x€Wo, k

where & denotes the state trajectory of (3.4) with disturbance w and initial condition
& = x. In fact, 35 (x) is the available storage of the closed-loop system (with controller
K) (see (2.19)).

Further define the state feedback value function

Vo(z) = inf pE(z), Vo € R™ (3.6)

KeK:stute

By Assumption 3.1,

Vo(x) > inf sup g(z,u,w) = g(z) > —o0,Vr € R".
ueU yew

ie. V,: R"— R.
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3.2 Dynamic Programming Solution

In Section 2.3 we saw the importance of the LIB dynamic programming inequality (2.13)
and equation (2.11) in characterizing LIB dissipation. A similar inequality and equation
arises when dynamic programming techniques are applied to the minimax game specified
by (3.6). As we shall see, it will be useful to consider the dynamic programming equation
or inequality as holding on a subset of the domain of the solution function V.

Let V : R® — R and S C domV C R™ The state feedback dynamic programming
equation is
V(z) = inf sup max{g(x,u,w),V(f(z,u,w))}, Vo € S, (3.7)

ueU weW

The analogous state feedback dynamic programming inequality is

V(z) > inf sup max{g(x,u,w),V(f(z,u,w))}, Vo € S. (3.8)

u€lU yew

Remark 3.2 The analogous partial differential equation for the continuous time system

€= fl& u,w), 2= g€, u,w), is
inf sup max{g(z,u,w)—V(x), VV(z)f(x,u,w)} =0 in S C domV. (3.9)

O

3.2.1 Necessity

Theorem 3.3 If there exists a state feedback controller Ky € Kgpare such that system
(8.4) (with K = Ky) is LIB dissipative with respect to By, then the function V, : R™ — R
defined by (3.6) satisfies:

(i) By C domV,;
(i1) Vo(z) > g(z), Ve € R, where g(x) is defined in (3.2);
(iii) If BEo(x) is finite, then ¥j > 0,Ywq j_1 € Wo -1,

B () > maX{Ogg}?ilg(&,ui, wi), Va(§5)}s o= o, ui = Ko(&o,i) (3.10)

(iv) If K. is an e-optimal controller (i.e. BX=(x) <V, (x) +¢), then ¥j > 0,YVwy ;1 €
WO,jfl;

Va(z) +e> maX{Oglg?glg(&,ui,wi), V(&) &0 = 7,u; = Ko (&o,)- (3.11)

(v) The dynamic programming relation holds

Va(z) =  dnf wo,j_fggvo,j_l{max{ogi%}ilg(&’ ui, wi), Va(§5)} + &0 = @, ui = K (&)}
Vx € domV,,Vj; > 0,
(3.12)
i.e. 'V, solves the dynamic programming equation (3.7), with S = domV,.
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PROOF.
(i) From Corollary 2.7, By C domB3X° hence By C |J domfBX = domV,.

KEKstate

(ii) From (ii) of Theorem 2.11, VK € Kgqte, Vo € R",

B (z) > sup g(z, K(z),w) > inf sup g(z,u,w) = (),
weEW welU yew

hence
Vale) > §(x), ¥z € R
(iii) If 7 = 0, BXo(x) > V, (x) = V,(&) and (3.10) holds.

Now fix j > 0 and fix wg;j—1 € Wyj—1, then & ; is fixed, for any &k > 0 and any g 4,
denote

o fw,  0<i<j-1
and '
K3 (&.5+i) = Ko(€o+i), 2 0. (3.14)
Then we can prove that
Bre(x) = sup sup{g(&, ui, @) : u = Ko(€)}
120 Wo;
> sup sup{g (&, i, W) : u= Ko(§)}
1 wO 7
= maX{(KIn?‘]X {g(&a uww%) u = KO(&)L Sl>1p Sup{Q(&u U, wl) U= Kg(g)}}
v 127 o
= maX{ogr?%}E}{g(&’ ui,wi) Su = Ko(f)}, )
sup sup{ g (&, ur, Wk) : §o = & u = Kj(§)}}
k>0 o _
= max{0<nll<ax {g<£l> u“wl) U= KO(&)}vﬁfb (5])}
> maX{Oglf*X {9(&i, uiswi) u = Ko(§)}, Va(§j>}
= maX{O<IIll<aX 9(&is uiwi), V(&) } 1 u = Ko(§)
(iv) Apply part (iii) with Ky = K..
(v) Vo € domV,,Ve > 0, 3K, € Kgaze, such that
Vo(z) > B (x) — e
Hence from (iv), ¥j > 0, we have
Vi) 2 swp mas{{ max (6 um), Va(&)) u = Ko(€)) — ¢
wo,j—1€EW0,j—1 isj—1
Z Kelllgsf;at@ wo, 5 ?211/)\)0 ,J—1 maX{OSI?Sj}El g(gz, U/i7 wi)’ Va(gj)} -
Since ¢ is arbitrary, we have
Vo(z) > inf sup max{ max g(@, wi, w;), Va(&5)} (3.15)

KeKstate wo,j— 1EWY -1 <i<j—
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To prove the opposite inequality, define

U(x) = inf sup max{ max ¢(&,w;,w;),Va(&5)}, Vo € domV,. (3.16)

K€K state wo ;1 €Wo 51 0<i<j—1

We have from (3.15), U(z) < Vu(z) < 400, moreover, U(z) > iIlIfJ sup g(z,u,w) =
welU wew
g(x) > —o0, so U(x) is finite.

Ve > 0,3K"' € Kgate, such that

Ulw)z  sup  fmax{ max g(&uiw), Va(§)}:u =K'} —e.

wo,;—1€Wb,j—1

V¢ € domV,, 3KZ € Kiate, such that

Va(&) > Ba ¢ (&) —e.
Now define K3 € Kgqte by

K'Y (&), 0<i<gy -1
K3(&,) = { ng((%,i)), = ZZ ;j (3.17)

then Vk > j,Vwyr € Wo i, we have

U(z) 2 {max{ max g(&,ui,wi),Va(§)}:u=K'(€)}~e¢
> fmasf maxg(6 e w0 6a 7€)} u = K€)} — 22

> sup {g(&, i, w;) tu=K3(&)} — 2

0<i<k
so we have
3
U(x) > g5 (2) — 26 > V,(x) — 2.
Since ¢ is arbitrary, we have

Vo(z) < Ulx). (3.18)

Finally from (3.15) and (3.18), the dynamic programming equation (3.12) holds. [

3.2.2 Sufficiency

Definition 3.4 Given a function V : R® — R and a nonempty set S C domV C R,
the pair (V,S) is called a good solution of the dynamic programming inequality (3.8) if it
satisfies

(i) V is a solution of the dynamic programming inequality (3.8) and there exists u* :

S — U such that

SB\I?)V max{g(z,u*(v),w), V(f(z,u*(z),w))}

= inf sup max{g(x,u,w),V(f(z,u,w))}, Vo € S.
welU yew

(3.19)
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(i1) S is an invariant set under the closed-loop dynamics when the controller is u*(x),
i.e. Yx € S,Yw € W, f(z,u*(z),w) € S.

A controller K* € Ky can be defined by K*(z.), = u*(zy), for . € &)« (static
state feedback). In this definition, if S # R™ we specify u*(x) arbitrarily for = ¢ S.

Theorem 3.5 If (V,5) is a good solution of the dynamic programming inequality (3.8),
then the closed-loop system (3.4) (with K = K*) satisfies

2 < V(J?o), Vo € S, ‘v’wo,k c W(),k,v}f > 0.
Moreover, if By C S, then the closed-loop system is LIB dissipative with respect to By.

PRrROOF. From (3.8) and (3.19),
V(z) > sup V(f(z,u"(z),w)),Vo € S.

weW

Hence when &, = xg € S, for the closed-loop system with K = K*,
V(&) > V(&ks1),Vk > 0,YVwor € Wok
and certainly
V(&) < V(o).
Also from (3.8) and (3.19), we have
9(&k, 0" (&), wr) <V (&), VEk > 0,Vwor € Wok,

hence
2 = g(&k, 0" (&), wi) < V(wo), VEk > 0,Vwor € Wog.

Moreover, if By C S, then from Definition 2.2, the closed-loop system is LIB dissipative
with respect to By where B(xo) = V (z9). O]

Corollary 3.6 If (V,S) is a good solution of the dynamic programming inequality (5.8),
then we have

S CdomV,; V,(z) <V(zx),VxeS. (3.20)
where V, is the state feedback value function defined in (3.6).

PROOF. From the proof of Theorem 3.5, Vg € S,
2 = (&, 0" (&), wi) < V(xg),VE > 0,Vwor € Wk
Hence
Va(2o) < BE (w9) < V(20) < +00,
where 35 is defined in (3.5). Hence (3.20) holds. O

Remark 3.7 We know from Theorem 3.3 that (V = V,,S = domV,) is a solution to
the dynamic programming inequality (3.8), so it follows that if (V,,domV}) is in fact a
good solution (the “goodness” depends on the attainment of the infimum in item (i) of
Definition 3.4), then the controller K(z.), = u}(x)) obtained from it achieves the best
LIB performance possible (i.e. it achieves the smallest bound 3 = V, possible in (2.4)
(see Definition 2.2)). O
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4 Measurement Feedback Synthesis

We turn now to the measurement feedback synthesis problem for the LIB dissipation
property. The solution to the problem requires suitable state estimation, in addition to
some concepts from the state feedback solution.

4.1 Problem Statement

Consider nonlinear discrete-time system:

Shp1 = f(fk‘?uk?wk>
2 = g(&k un, Wi) (4.1)
Ye = h(&k, up, wi)

Here, & € R"up, € U C R™ w, € W C R? )y, € R? and 2, € R are the state, control
input, disturbance input, output and performance measure, respectively.

We continue to make Assumption 3.1. Besides (2.3) and (3.3), we employ the following
notation:
Y = range{h},
Yor-1 = {0, Yk-1}, Yk >0, (4.2)
Vor-1 = {Yor-1:% €Y,0<i<k—1}, '
yO,oo = {yO,oo 1Y € Y}

An admissible measurement feedback controller is a causal map K : Voo — Upocos
meaning that for each time k& > 0 if y*,y* € Voo and y} = g7 for all 0 < 1 < k—1
then K(y'), = K(y*), i.e., the control at time k is independent of current and future
measurements. Denote by K the class of such admissible controllers. We sometimes abuse
notation by writing ux = K (yox—1) or u= K(y).

Problem: Given By C R", find a measurement feedback controller K € K such that
the closed-loop system is LIB dissipative with respect to By.

For a given controller K € IC, the available storage of the closed-loop system is

B8 (z9) =sup  sup  g(&, up, wi), Voo € R™ (4.3)

k>0 wo, k€W &

where £ denotes the state trajectory of (4.1) with input v = K(y), disturbance w and
initial condition &, = xy.

Problem Restatement: Given By C R", choose K € K such that By C domf3X.
4.2 Problem Restatement in Terms of a Cost Function
We will solve the optimal K problem using a minimax cost function and information

state methods in subsequent sections. The aim of this section is to define a suitable cost
function and relate it to LIB dissipation.
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Denote

RE2RU {00} U{+oo}. (4.4)
and
Y2 {p:R" >R (4.5)
For p € x, denote
(p) = Seurlgnp(x) (4.6)

Notice that —oo < (p) < 400. For p € x, denote
support p 2 {r e R" : p(z) > —o0} (4.7)

Also, for nonempty set M C R", denote

A |0, if xeM,
Then dy; € X, (dp) = 0 and support oy, = M
Define, forpe yandu e U,y €Y,
A
G(p,u,y) = sup sup {p(z) + g(z,u, w) : h(z, u,w) = y}. (4.9)
zeR™® weW
Similar as g(x) in the state feedback case, for p € x, we define
G(p) 2 inf sup G(p, u,y). (4.10)
Remark 4.1 Notice that for p € y,
G(p) = inf sup G(p,u,y)
ueU yeY
— inf sup sup sup {p(z) + gz, u,w) : bz, u,w) = y}
u€U ycy zeR" weW
= inf sup sup {p(z) + g(z, u, w)}
U zeR™ weW
~ sup {p(z) + sup g(z,u,w)} (4.11)
ueU geRn weW
> sup {p(x) + inf sup g(z,u, w)}
zeR? U pwew
> sup {p(z) + g( )}
zeR?
= (p+9)
Hence from Assumption 3.1,
G(p) = —00 & p = —o0.
O
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For p € x, controller K, define the cost function

A
Jp(K)=sup sup sup {p(zo)+ g(&, uk, wi)} (4.12)
k>0 xo€R™ wo x €Wp &

where £ denotes the state trajectory of (4.1) with input v = K(y), disturbance w and

initial condition &, = xy.

Lemma 4.2 For p € x, the cost function satisfies

Jo(K)=sup  {p(zo) + B (z0)}. (4.13)

xoEsupport p
PROOF. By the definition of J,(K),

Jp(K) = sup sup sup {p(zo) + g(&k, ur, wi)} .

zo€eR™ k>0 ”LU()JCEVV()’]C

If ¢ ¢ support p, then p(zg) = —oo and

sup  sup {p(xo) + g(&k, up, wi) } = —o0.
k>0 wo, r €EWp, ik

If zg € support p, then

sup  sup  {p(wo) + g(&, ue, wr)} = p(x0) + B2 (20).

k>0 wo,x€Wo, k
Hence the equality (4.13) holds. O]
Similar with [10], the cost function J,(K') have the following property.

Lemma 4.3 The function p — J,(K) satisfies

(i) Domination. J,(K) > G(p), where G(p) is defined in (4.10); J,(K) = —co < p
—00.

(i) Monotonicity. py > py = Jp, (K) > Jp,(K).
(1it) Additive homogeneity. Ve € R, Jpo(K) = J,(K) + c.

PROOF. (i) By Lemma 4.2,
Jp(K) = sup  {p(zo) + ;" (w0) }

To€Esupport p

> sup p(zo) + sup g(xo,ug,w)}

xoEsupport p weEW

> inf sup {p(iﬁo) + sup g(xg,u, w)}

u€U z,esupport p weW

= inf sup G(p, u,
Inf,sup (P, u, y)

v

= G(p)-
Also by Lemma 4.2, J,(K) = —00 & p = —o0.

(ii) and (iii) are obvious from Lemma 4.2. O
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Lemma 4.4 The closed-loop system (with controller K € K) is LIB dissipative with
respect to Bg C R™, if and only if Ip € x with support p = By such that

T, (K) < 0. (4.14)

PrOOF. From Lemma 4.2,

Jp(K)<0 & sup  {p(wo) + B (o)} <0

xoEsupport p
& BN (o) < —plao), Vo € support p
& BE(x9) < —p(x0) < +00,V20 € By

Problem Restatement I: Given By C R", choose controller K € I such that
J,(K) <0 (4.15)

for some p € xy with supportp = B,.

Optimal K Problem I: Choose controller K € K such that J,(K) is the smallest
(over K) for some p € x with supportp = By.

4.3 Equivalent Formulation Using Information States

To solve the LIB problem, we introduce a state estimator quantity from which a suitable
controller can be determined. This state quantity must be computable from the measure-
ments (u.,y.) available to the controller, and it must characterize the LIB property. The
information state framework of [14], [15], [10] is employed, and we recast the measurement
feedback LIB dissipation problem in terms of an equivalent state feedback problem, where
the new state is an information state.

4.3.1 Information States and LIB Dissipation

Definition 4.5 For p, €EX,J =21 uj1 € Uoj-1, Yoj—1 € No,j—1, we define the infor-
mation state p; : R" — R by

pi(r) = sup sup {po(zo) : §o = w0, &5 = , h(&i, wi, wi) = 3,0 <@ < j—1} (4.16)

w(),j_1€W(),j_1 ro€ER™
where &; satisfies

§iv1 = f(&ui,wi), 0<i<j—1 (4.17)

Remark 4.6 Notice that information state p; is a function, p;(x) is the maximal value
of all the possible po(zo). Since p;(z) # —oo if and only if 3xg, wy ;—1 such that

po(Io) 7’é —00,§p = x(]?gj =T, h(fmuz‘,wi) =1y,0<1 <7 -1

support p; is the set of all the possible states at step j, and p,;(x) = —oo means that it is
impossible to arrive x at step j. 0
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The next lemma shows that the information state characterizes the LIB dissipation
property.

Lemma 4.7 The closed-loop system (with controller K € K) is LIB dissipative with
respect to By C R", if and only if dpy € x with support pg = By such that

G (pr, ur, yx) <0, Vk >0, (4.18)

where py, is defined by (4.16) with initial state py and uw = K(y), y is the output of (4.1)
for any initialization xoy € By and disturbance w, and G(p,u,y) is defined in (4.9).

PROOF. Assume (4.18) holds as stated. Vzo € By, Vk > 0,Vwg € Woyi, denote by
&k, ug and y, the corresponding state, control and output trajectories of the closed-loop
system. By Definition 4.5 we have

po(xo) + g(&k, wr, wi) < pr(&k) + 9k, ur, wi) < G(pr, ug, yr) < 0.

1.e.
2k = g(&k, uk, wi) < —po(xo).

This implies that the closed-loop system is LIB dissipative with respect to By where
B(xo) = —po(o).

Conversely, suppose that the closed-loop system is LIB dissipative with respect to By
and ((zg). Choose po(zo) = —(x0), then support py = By and Yk > 0,

G(pk7 Uk, yk)

= sup sup {pr(z) + g(x, ug, w) : h(z,up, w) = yi}
reR" weW .

= Ssup sup { sup sup {po(ﬁo) & = 20,8k = 7, h(fiauiawz‘) =1,0<1<k— 1}
z€R™ wpEW w1 xg€ER"™
+g(x, ug, wy) : h(x, ug, wy) = yx

= sup sup {po(zo) + g(&, ur, wi) : §o = o, h(&, i, w;) = 43,0 < i < k}

wo,k ToER™

= Sup sup {g(gkauk7wk) - 6(1’0) : g() = Ty, h(&lvu’uwz) - ylvo S l S k:}

wo,k ToE€Bo

< 0.
O
4.3.2 Recursion
In this subsection we show that the information state satisfies a recursion of the form
pj+1($) = F(pjauj7yj)($)v j Z 0 (419)
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In fact, Vj > 0,

Pj+1()
= sup sup {po(zo) : §o = w0, &1 = @, h(&, ws,wi) = 13,0 <@ < g}

wo, 5 GWO,]' zoeR"?

= sup sup{ sup sup {po(wo) : {0 = 70, &5 = &5, (&, wi, w) = 3,0 <0 < j — 1}
ijW ﬁjGR" IU(),];lEWo,jfl roER™?

D& = f(&G, g, wy) = 2, b€, ug, wy) =y}

= sup sup {p;(&) : f(&,us,w;) = 2, (&, uy,w;) =y, }
w;EW £;eR?

= sup sup{p;(§) : f(§ uj,w) = x, h(§, uj,w) = y;}
weEW LR

Denote

F(p,u,y)(z) = sup sup {p(&) : f(§,u,w) =z, h(§,u,w) =y} (4.20)

weW {eR™

then for any given py € X, the information states can be obtained by the recursion (4.19).

Remark 4.8 The analogous partial differential equation for the continuous time system
g = f(§7u7w>7 Z = g<§7u7w)’ y = h(é.?u’w) iS

0

apt(x) = Sup{_vpt(x) ’ f(xvuu U)) :we W and Y= h(QJa 'LL,U))} (421)
Thus
p=F(p,uy)
where F' is defined by the RHS of (4.21). O

4.3.3 Equivalent Problem

In the definition of information state, u and y are independent. Now consider the case
when the controller K is known, and u = K(y).
For p € x, define
= A
Jp(K) =sup sup {G(pr,ur,yx) : po = p,u = K(y)} (4.22)

k>0 yo,kE€Vo,k

where pi(z) are information states obtained by (4.16), and G(p, u,y) is defined in (4.9).
For a given controller K € K and B C R", denote

y(),k(K, B) é {yO,kz : 31‘0 c B, Hwoyk € W()7k, s.t. y; = h(&,uz,wz),() < < k’} . (423)

i.e. Yoi(K,B) denotes all the possible output yo of the closed-loop system (with con-
troller K € K) where the initial state x¢ contains in the set B.
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Remark 4.9 In the definition of J,(K), the range of 4o is not so important, in fact

Jo(K) = sup sup {G (e, wrs yi) 1 po = pou= K(y)}

k>0 yo,k:yi €ERP,0<i<k

=sup sup {G(pr,us, yx) 1 po =p,u = K(y)}
k>0 yo,k€EYV0,k

= sup sup {G(pmuk,yk) ‘Po =D, U= K(y)}
k20 yo,1 €Yo, 1 (K support p)

O

The relation between the cost function and the information state is given in the fol-
lowing theorem.

Theorem 4.10 We have, for all K € IC,

J(K) = J,(K). (4.24)

Proor. Let K € K. Then
Jp(K) = supsup {G(pk, uk, yk) : po =p,u = K(y)}
k>0 yo,k

= supsup sup sup {px(z) + g(x, ug, w) : h(z, ug, w) = yx}
k>0 yor z€R™ weW

= sup sup sup sup {px(z) + g(z,u, w)}
k>0 yo,k—1 z€ER™ weW

= Sup sup Sup sup sup sup {p(l’o) + g(xa Uk, wk)
k>0 yo,p—1 2€ER™ wr€W wg 1 EWp —1 20ER

2o =20,k = v, (&, u,w) = 13,0 <i < k—1}

= sup sup sup sup {p(zo) + g(&, ug, w) : &o = xo}
k>0 w,eW w07k,1€W0,k,1 zoER™

=sup sup sup {p(xo) + g(&, ur, wr) : & = o}
k>0 wo,k€EWp, 1 ToER™
= JP(K>
as required. O
Problem Restatement II: Given By C R", choose a controller K € K such that
Jp(K) <0.

for some p € x with support p = B,.
Optimal K Problem II: Choose a controller K € K such that J,(K) is the smallest

for some p € x with support p = B,.
4.4 Dynamic Programming Solution
In this section we show how to synthesize LIB dissipative controllers by finding optimal

minimax controllers solving the Optimal K Problem II. We will make use of a dynamic
programming equation and inequality analogous to (3.7) and (3.8).
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Let W : v — R, and define

domWV £ {pex:—oo<W(p) <+oo} (4.25)

where x is the function space defined by (4.5). Let S ¢ domW C ¥. The measurement
feedback dynamic programming equation is

W(p) = inf sup max{G(p,u,y), W(F(p,u,y))}, Vp€ S, (4.26)

ueU yeY

where G(p, u,y) and F(p,u,y) are defined in (4.9) and (4.20). The measurement feedback
dynamic programming inequality is

W(p) = inf supmax{G(p,u,y), W(F(p,u,y))}, Vpe S. (4.27)
uelU ycy

Remark 4.11 Notice that (3.7), (3.8), and (4.26), (4.27) have the same form, respec-
tively. 0

Remark 4.12 The analogous partial differential equation for the continuous time system
f = f(£7u7w>7 Z = g(€7u7w)7 y = h(£7u7w) iS
inf sup max{G(p,u,y) — W(p), VW (p)F(p,u,y)} = 0in S C domW. (4.28)

ueU yeY

O

4.4.1 Necessity

For p € x, define the measurement feedback value function

W, (p) = inf jp(K) = inf sup sup {G(pk,ur, yx) : o =p,u= K(y)} (4.29)

Kek KEX k>0 yor€Vo,x
where the minimization ranges over the class of all the admissible measurement feedback

controllers . Notice that W, : ¥ — R, i.e., —oco < W,(p) < +0o0.

Theorem 4.13 Assume that there exists an admissible measurement feedback controller
Ky such that the closed-loop system is LIB dissipative with respect to By C R"™, B, (xo).
Then:

(i) The set domW,, is nonempty, po = — Pk, € domW,.

(ii) The following structural properties hold:
(ii-a) W, dominates G: Wo(p) > G(p),¥p € X, where G(p) is defined in (4.10);
Wa(p) = —00 & p(x) = —o0.
(ii-b) W, is monotone: ¥py,p2 € X, if p1 > pa, then W,(p1) > W,(p2). Moreover, if
p1 € domW, and (py) > —o0, then py € domW,.
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(ii-c) W, is additive homogeneous: Yc € R,Vp € domW,, W,(p + ¢) = W,(p) + c.

(i4i) Fiz p € X and assume J,(Ky) is finite, then

J,(Ky) > max{ max G(p;,u;,vy;), Wa(p;)} and p; € domW,,
ol | o) 2 max{ max G(pi,ui,ys), Wa(ps)} and p; (4.30)
Vj > 0,Vyo-1 € Yoj—1(Ko,supportp),u = Ko(y),po = p.

where Yo (K, B) is defined by (4.23).
(iv) Fizp € domW,, if K. is an e-optimal controller (i.e., J,(K.) < Wa(p) + ¢€), then

> Car g . .
Wa(p) + e > max{ogrriléa]?il G(pi,ui, vi), Wa(pj)} and p; € domWW,, (431)
Vj 2 0,01 € Yoj-1(Kz, support p), u = K(y),po = p-

(v) The dynamic programming relation holds:

Wa(p) = inf sup — {max{ max G(p;uiy:),Wa(pj)}:po=p,u=K(y)}

KeK yo j_1€V0,j-1
Vp € domW,,Vj > 0
(4.32)
i.e. W, solves the dynamic programming equation (4.26), with S = domW,.

PROOF. (i) From Lemma 4.3 and Theorem 4.10, Vp € X, VK, J,(K) = J,(K) > G(p),
hence B 5
Wa(p) = inf J,(K) > G(p).

Kek

For py = — Ok,
—00 < G(=i) = Gilpo) < Walp) = Inf T, (K) < Joy(Ko) <0 (4.33)

hence pg € domW,, so domWW, is nonempty.

(ii-a) The domination is proved in (i). If p(z) = —oo, then J,(K) = —oo for any K,
hence W,(p) = —oc. If (p) > —oo, then W,(p) > G(p) > —co.

For (ii-b), from Lemma 4.3, p; > py = VK, J, (K) > J,,(K) = Wa(p1) > Wa(ps).
Moreover, if p; € domW, and (py) > —o0, then —oo < é(pg) < Wa(upg)
hence py € domW,. (Notice that for p € x, (p) > —oo if and only if G(p)

(ii-c) is obvious since VK € K, J,4o(K) = J,(K) + ¢. (Lemma 4.3)

(iii) If j = 0, Jp(Ko) > Walpo) > G(po) = G(p) > —oo, hence py € domW,. (If
p = —oo, then J,(K() = —oo is not finite, so (p) > —o0)

Now fix j > 0 and fix yo ;1 € Vo j—1(Ko, support p), then we can obtain p; by py = p
and u; = Ko(yo,i—1),0 <i <j— 1. From yo ;1 € Vo j—1(Ko,support p), (p;) > —oc.

For any £ > 0 and any ¢, denote

=Y = 4.34
Y {yi—j7 127 (4.34)
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and '
K§(Gok-1) = Ko(Yoktj-1), Kk >0. (4.35)

Then we can prove that

Jp(Ko) = supsup {G(px, ur, Yr) : po = p,u = Ko(y)}

k>0 Yo,k
> supsup {G(pk, Uk, Ux) : po = p,u = Ko(9)}
k>0 ok
> max{ Sup {G(pr, ur, yr) : po = p, u; = Ko(yoi-1),0 <i < j—1},
0<k<j—1
sup sup {G (px, Uk, Ux) : po = 0, u = Ko(9)}}
k>3 Go,k
> maX{{O<I£1§;<_1G(pk,Uk,yk) tpo =i = Ko(Yo,i-1),0 <1i < j—1},

sup sup {G(pk, U, k) © Po = pj,u = Ké(ﬂ)}}
k>0 o,k

= maX{{Oggg;c_lG(pk,uk,yk) :po = Pty = Ko(Yo-1),0 < i < j — 1}, J,, (K3)}
Z maX{{0<1'£1£iJX_1 G(pk)uk7yk> cPo =P, U = KO(yO,i—1)70 S 7/ S ] - 1}7Wa<p])}

Hence B 5
400 > Jp(Ko) > Wa(pj) > G(pj) > —0

and p; € domW,.
(iv) Apply part (iii) with Ky = K-..
(v) Vp € domW,,, W,(p) is finite, Ve > 0, IK. such that J,(K.) < W,(p) +¢ (K. is an
g-optimal controller), from (iv), Vj > 0,
Wa(p) + & 2 max{ max G(pi;ui,yi), Wa(ps)}
Vyo,j-1 € Vo,j—1(Ke, support p), po = p,u = K(y).

hence
Wa(p) +¢
- it {max{ max G (pi, ui, ys), Wa(ps)} s po = p,u = Kg<y>}
Y0,j—1€Y0,j—1(Ke,support p) 0<i<j—1
= sup maX{ maX G<pi7ui7 yz)7 Wa(p])} P =P, U= Kg<y)}
Y0,-1€0,5-1 0<i<j—1
certainly

Wa(p) +¢e > inf sup {max{o max G(p;, ui, i), Wa(pj)} : po = p,u = K(y)}

KeK yo j_1€V0,j-1 sisj-1
since ¢ is arbitrary, we have

Wolp) > inf sup  {max{ max Glooui,u), Walpy)} - po = pou= K(y)}. (436)

Y0,j—1€X0,j—1 Si<j—

To prove the opposite inequality, for p € domW,, 5 > 0, define

R(p) = inf sup  {max{ max G(pi,us, ), Wa(pj)} :po=pu=K(y)} (437)

Y0,j—1€X0,j—1
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From (4.36), R(p) < W,(p) < +oo. Moreover, R(p) > G(p) > —oco, So R(p) is a finite
number.

Let € > 0, choose K! such that

R(p)
> sup {max{o max G (pi,wi,yi), Wa(p;)} : po =p,u= Kl(y)} —€

Y0,j—1€X0,j—1 <i<j-1
: — — 1
— sup max{ max G(pi,ui,yi), Wa(p;)} : po = p,u= K (y)} .
Y0,j—1€V0,j—1 (K1 support p) 0<i<j—1

(4.38)
(Therefore we have p; € domW,,,Vyo ;-1 € Yo j—1(K*,support p),u = K*(y).)

Vq € domW,, 3K such that
W.(q) > jq(Kg) —e.
Define K3 by 1 o

Then Vk > j,Vyor € Vor(K?, supportp), we have yo ;1 € Vo j—1(K", support p) and

R(p) Z {max{oé?éaj}il G(pi7uia yl)v Wa(p]>} cPo=p,u= K1<y>} — €

> {max{ max G(ps,wiy). Jp, (K5} po = pu= K (y)} =2 (4.40)
Z { sup G(ﬁu“za%) ‘Po=D,u= KB(y>} — 2e.
0<i<k

So we have

R(p) > Jp(K?) — 2¢

Hence B
Walp) < Jo(K?) < R(p) + 2¢

since ¢ is arbitrary, we have

Wa(p) < R(p). (4.41)
From (4.36) and (4.41), the proof is completed. O

4.4.2 Information State Controllers

In state feedback synthesis of Section 3.2.2, the optimal controller was obtained by min-
imizing the RHS of the dynamic programming equation or inequality over u, to yield a
static state feedback controller. We follow the same procedure in the measurement feed-
back case (next subsection), and obtain an optimal controller defined in terms of a static
function of the information state. This gives a dynamic controller, a causal function of
the measurements, of the type we now describe.

Let u be a function
u:xy — R™ (4.42)
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Define

Since prr1 = F(pr, ug, yx) = F(pr, u(pr), yx), the information state pyyq can be regarded
as a function of yg ; and uy is a function of yg ;1. This leads us to define the measurement
feedback controller K5 € K by

Ky (y) = Ky (yo-1) = u(pr)- (4.44)

This information state feedback controller is a special kind of measurement feedback con-
troller.

The state space realization of the closed-loop system (with controller Ki € K) is

Skl = f(ékaukawk)
2k = (fk,umwk)
Y = (fk,uk,wk) (445)

Prrr = F(pr, u, yr)

uy = u(p)

with initialization & = xg, pg € X.

4.4.3 Sufficiency

We will show how to obtain the optimal information state controller from dynamic pro-
gramming inequality.

Definition 4.14 Given a function W : X — R and an nonempty set S C domW C ¥,
the pair (W, S) is called a good solution of the dynamic programming inequality (4.27) if

(i) W is a solution of (4.27) and there ezists u* : S — U such that Vp € S,

sup max{G(p, u*(p),y), W(F(p,u"(p),y))}
= inf supmax{G(p,u,y), W(F(p,u,y))}. (4.46)

ueU yeY

(ii) S is an invariant set under the closed-loop dynamics when the controller is u*(p),Vp €
S. e ¥peS, Yy € YooK}, support p), F(p,u*(p),y) € S.

Theorem 4.15 Assume that (W, S) s a good solution of the dynamic programming in-
equality (4.27) and py € S. Then the closed-loop system with the controller defined by

satisfies Vo € support py, Vk > 0, Vwg r, € Wo i,
2z < Wi(po) — po(wo)- (4.48)

Moreover, if By C support pg, then the closed-loop system is LIB dissipative with respect
to By where B(zo) = W(po) — po(zo).
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PROOF. Let K" denote the information state controller obtained by (4.47). (Notice

that K2 depends on the initial information state py though u*(-) doesn’t.) Now from
(4.27) and (4.46), we have

W(p) > sup W(F(p,u*(p),y)),Vp € S,

yeY

Hence Vj > 0,Vyo,j—1 € Vo,j—1(K} , support py),

W(pi) > W(pit1), 0<i<j—1,po=po,u= K;; (y)

and certainly

W(p;) < W(po).
Also from (4.27) and (4.46), we have
G(pj,u(p),y5) < Wips), Vj=0
hence -
Jpo (K ) = Jpo (K ) = supsup G(p;, u”(p;), y;) < Wi(po)

720 o,j
For the closed-loop system, Vz, € support py, Vk > 0, Vwg r, € Wo ,
po(wo) + 2 < pr(&k) + 9(&k, 0 (D), wi) < Gpr, W (pr), yi) < Jpo (K ) < W (po)
and hence (4.48) holds. Moreover, when By C support po,
2z < Wi(po) — po(xo), Vo € Bo,Vk > 0,Ywyr € Wok.

Therefore the closed-loop system is LIB dissipative with respect to By where ((zg) =
W (po) — po(wo)-

O

Corollary 4.16 If (W, 5’) 1s a good solution of the dynamic programming inequality
(4.27), then we have ) )
S C domW,, W,(p) < W(p),Vp e S. (4.49)

where W, is the measurement feedback value function defined in (4.29).
PROOF. From the proof of Theorem 4.15, Vp, € S,
jpo (K;O*) = Jp()(K;;)*) < W(Z)O)'

Hence -
Wa(po) < Jpy (K, ) < Wi(po) < +o0.
>

Since we also have W, (po) > G(po) > —00, (4.49) holds. O
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Remark 4.17 We know from Theorem 4.13 that (W,,domIV,) is a solution to the dy-
namic programming inequality (4.27), so it follows that if (W,,domW,) is in fact a good
solution, then the controller K(y.)r = u}(px) obtained from it achieves the best LIB per-
formance possible (i.e. it achieves the smallest bound B(xo) = W, (po) — po(zo) possible
in (2.4) (see Definition 2.2). If the LIB dissipation control problem is solvable by some
measurement feedback controller, then it is also solvable by an information state feedback
controller whenever a good solution to the dynamic programming inequality (4.27) exists.
(W,,domW,,) will be a solution, and its “goodness” depends on the attainment of the
infimum in item (i) of Definition 4.14. O

Remark 4.18 It will be of particular interest to find good solutions (W, S) with S finite
dimensional (see Sections 5.1.2 and 5.2.2). O

4.5 Special Case: Uniform LIB

In [22], the authors formulate the problem of obtaining uniform bounds on the LIB per-
formance. In this section, we consider this uniform LIB case. The results of Section 4.4
simplify, and the connection with the Shamma-Tu separation structure [22] is given.

Problem: Given By C R"”, find an measurement feedback controller K € I such
that the closed-loop system is uniform LIB dissipative with respect to By, i.e. there exists

a 0 € R such that
2 < B, Vzo € BO,\V/U)O,k € Wojk,\V/kZ > 0. (450)

For this special problem, since (3 does not depend on xzy, we can constrain the infor-

mation states in the subset N
S={0x: X CR"} Cy, (4.51)

where &)/ is defined in (4.8). Notice that S is an invariant set under the recursion (4.19).
Write .
S" = {subsets of R"}. (4.52)

Then it is easy to check that F(6x,u,y) € Sforall X € S, u€ Uand y €Y.

Now we choose the initial information state

po() = 0x, ()

where Xy C R" (i.e. Xy € S’). Then we have

pr(z) = 0x), (x)

where
X}, = support py, (4.53)

and = € X}, if and only if there exists a trajectory & of (4.1) with {, € X that is consistent
with the given signals u, y (satisfying (4.1)). This is the set-valued observer in [22, page
259].
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The set-valued state estimate X can be computed from the recursion

A

A
Xir1 = F(Xp, ug, yr) = F(0x,, Uk, Yr) (4.54)

where, given X € S, ue U, yc Y,z c F(X,u,y) if and only if there exists 2/ € X,
w € W such that f(2',u,w) =2z and h(z',u,w) =y (cf. [22, equation (6)]).

These considerations allow us to restrict our attention to the “smaller” space S' R 5: ,
in place of . Any function W : Y — R projects to (or defines) a function W : 8" — R
via

W(X) 2 W (ox)
for X € S’. Now, denote
G(X,U,y) é G(5X7u7y)7 (455)
and 5
G(X) 2 G(6x). (4.56)
Let W : §" — R, and define
A~ A =1 A~
domW = {X €S :—co<W(X) < +oo} . (4.57)

Let S € domW C §'. The measurement feedback dynamic programming equation (4.26)
becomes

W(X) = inf sup max{G(X,u,y), W(F(X,u,y))}, VXeSs. (4.58)

ueU er

The measurement feedback dynamic programming inequality (4.27) becomes

W(X) > inf sup max{G(X,u,y), W(F(X,u,y))}, VXeb. (4.59)

The results of Section 4.4 become the following.

Lemma 4.19 The closed-loop system (with controller K € K) is uniform LIB dissipative
with respect to By C R™ if and only if there exists § € R such that

~

where Xy is defined by (4.54) with initial state Xg = By, w = K(y) and y is the output of
(4.1) for any initialization xoy € By and disturbance w.

We define the value function W, : &’ — R by

W,(X) 2 inf sup sup {G‘(Xk,uk,yk) c Xo=X,u= K(y)} . (4.61)

KX k20 yo,u€Vo,r
Theorem 4.20 (Necessity) Assume that there exists a controller Ky such that the closed-
loop system is uniform LIB dissipative with respect to By C R™. Then the value function

Wo(X) defined by (4.61) satisfies:
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(i) domW, is nonempty, By € domW,;

(ii) Wa(X) > G(X),¥X C R, where G(X) is defined in (4.56). Wa(X) = —00 &
X = (Z),' X1 C ){2 = Wa(Xl) < W, (XQ), ’Lf X1 C XQ,Xl # (Z) and X2 S domWa,
then X; € domW,;

(iii) Wo(X) satisfies the dynamic programming relation

Wa(X) = inf sSup {max{ maX G(quzayz) a( )} Xo = X7UZK(?J)}7
Kelcyo,jfleyo,j 1 A
VX € domW,,Vj > 0.
(4.62)
i.e. WQ(X) is a solution of the dynamic programming equation (4.58) with S =
domW,,.

Definition 4.21 Given a function W:8 >R and a nonempty set S ¢ domW C S,
the pair (W, S) is said to be a good solution of the dynamic programming inequality (4.59)
provided

(i) W is a solution of (4.59) and VX € S, there exists u* : S — U such that

sup max{G/(X, 0" (X), y), W(F(X,a"(X),y))}

yey . . (4.63)
= inf sup max{G(X,u,y), W(F(X,u,y))},¥X € S.

ueU yeY

(i1) S is an invariant set under the closed- loop dynamics when the controller is 0*(X), VX €

S.ie. VX € 8,Vy € Voo(K¥, X), F(X,0*(X),y) € S.

Theorem 4.22 (Sufficiency) Assume that (W, S) is a good solution of the dynamic pro-
gramming inequality (4.59) and Xy € S. Then the closed-loop system with the controller
defined by

satisfies Vg € Xo, Vk > 0,Vwo i, € Wi,
2 < W(Xo). (4.65)

Moreover, if By C Xo, then the closed-loop system is uniform LIB dissipative with respect
to By and =W (X).
Corollary 4.23 If (W, S) 1s a good solution of the dynamic programming inequality
(4.59), then we have

S c domW,, W,(X)<W(X),vX € 8S. (4.66)
where W, is the value function defined in (4.61).
Remark 4.24 The above results are consistent with [22, Theorem 4.1] which asserts,
in our terminology, that if there exists a measurement feedback controller achieving the

uniform LIB dissipation property, then there exists a separation structure controller that
feeds back the set-valued observer state and also achieves uniform LIB dissipation. 0
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5 Examples

5.1 Example 1 - A System with Linear Dynamics

Consider one-dimensional discrete-time system with linear dynamics:

Ee1 = a&y + buy, + wy,
= |&] (5.1)
Uk = &k + wg
where &, wy, ug, Y, 2 € R, 1 < a < 2,b > 0. Notice that when u, = w, = 0,k > 0, the
open-loop system is unstable.

We consider the uniform LIB dissipation problem described in Section 4.5. Suppose
By = [ag, apr] C R, W = [—d,d],d > 0,U = [-4,0],6 > 0.

5.1.1 State Feedback Synthesis

Assume that
bo —d

—1°
The dynamic programming equation (3.7) was solved analytically for the value func-

tion V,(z) and corresponding state feedback controller u*(x). Detailed calculations are
provided in Appendix A.1.1. The value function is given by

;- max{|ag], |aor|} <

5> %d (5.2)

bo —d bd—d
V(o) = max{|zo|,d}, Vxy € domV, = [— T 1 ], (5.3)
a— a—
and the corresponding optimal state feedback controller is
N J, if z € (—o0, —2)
u(z) = ¢ —fa, ifzx e -2 Y] (5.4)

—6, ifz e (2, +00)

The fact that this analytical solution of (3.7) is the value function V, is proven in Appendix
A.1.1 (such equations could have multiple solutions).

The dynamic programming equation (3.7) was also solved numerically (a = 2,b =
1,d = 0.5,6 = 2). These numerical results correspond to the analytical solution above
for the value function V, and corresponding controller. The results are shown in (a), (c)
Figure 5.1.

Theorem 3.5 asserts that the closed-loop system should be LIB dissipative. Indeed,
the calculations in Appendix A.1.1 verify LIB dissipation with respect to By = [aor, aoy]
and # = max{|ay/, |ao,|,d}, provided that the assumption (5.2) holds. This is illustrated
in (b), (d) Figure 5.1 (By = [—1.5,1.5], 8 = 1.5, 29 = 1.5, V,(xo) = 1.5).

Remark 5.1 When a = 1, domV, = R and the optimal state feedback controller is
5, ifx € (—o0,—bd)

u(z) = ¢ —gx, if © € [0, bd]
—0, if z € (bd, +00)
This controller is the same as that in Example 1 of [18]. O
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Figure 5.1: Example 1 - system with linear dynamics - state feedback synthesis.
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5.1.2 Measurement Feedback Synthesis

Assume that

ad bo —d 2(bd — ad
32 55 maxtjaol Jaol} < 22 an - an < 2 =) (5.5
We set

Xo= DBy = [(IOb aOr]- (5-6)

Then the set-valued state estimate is an interval given by
Xk = [akl,akr], k 2 0. (57)

where

A1y = Yi + bug + (a — 1) max{az, yr — d}, (5.8)

A(k+1)yr = Yk T buy + (a - 1) min{akra Yr + d}-

This means that when Xy is of the form (5.6), the results of Section 4.5 apply on a
two-dimensional space S C 5.

The dynamic programming equation (4.58) was solved analytically for the value func-
tion W,(X) and corresponding state feedback controller a*(X). Detailed calculations are
provided in Appendix A.1.2. The value function is

A A A

Wo(X) £ W,(6x) = Wa(ar, a,) = max{|ay|, |a,| ,d + %(ar —a)}, VX = [a,a,] €S

where

= {[al,ar] s ag, ar] C [—bé—_d bé_d],ar —aq; < %},

a—1"a—1
and the corresponding optimal information state controller is given by

A 0; if (ap + ar) < —271’5
U = ﬁ*(Xk) = ﬁ*(akl, ak,«) = —Q%(Cbkl + Cl]m«); if ‘CLkl + ClkT’ S 2b5 (59)
—(S; if (akl + akr) > %

The fact that this analytical solution W,(a;,a,) of (4.58) is the value function is proven
in Appendix A.1.2 (such equations could have multiple solutions).

The dynamic programming equation (4.58) was also solved numerically (a = 2,b =
1,d = 0.5,6 = 2). These numerical results correspond to the analytical solution above
for the value function W, and corresponding controller. The results are shown in (a), (c)
Figure 5.2.

Theorem 4.15 asserts that the closed-loop system should be LIB dissipative. Indeed,
the calculations in Appendix A.1.2 verify LIB dissipation with respect to By = [aor, aoy]
and 3 = max{|ao|, |ao,| , §(ao, —ao) +d}, provided that the assumption (5.5) holds. This
is illustrated in (b), (d) Figure 5.2 (By = [—0.5,0.5], 5 = 1.5).

Remark 5.2 From (A.11), if [ag, ap,] € S, then W, (aq, ag,) = +00, so the uniform LIB
problem is not solvable when the assumption (5.5) does not hold. O
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time

(b) Trajectory of disturbance w.

~
T

-
T

tate al, al
o
i
L L

r, value function Wa and -Wa

x, information state
N
T

state
~

(d) State trajectory of close-loop system: ag; =
~0.5,a0, = 0.5, 3 = 1.5, 29 = —0.3.

Figure 5.2: Example 1 - system with linear dynamics - measurement feedback synthesis.
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Remark 5.3 In contrast to the H,, problem, the certainty equivalence principle [1],
[14], [10] can not be usefully applied for the linear system given in this example. In-

deed, Woy(p) = (p + Va) (where V; is the state feedback value function defined by (5.3))
only satisfies the dynamic programming equation (A.12) on a very special set S =
{las,ar) -y = a, € [-2=¢ =41} The set S is too small to be used for the measure-
ment feedback synthesis. In fact, for any 0 < ¢ < ab?;_ald), Wo([—e,€]) = max{e,d} <

W,([—¢,€]) = max{e, ae + d}, so it is impossible for Wy([—¢,€]) to be an measurement
feedback value function. 0J

5.2 Example 2 - A System with Bilinear Dynamics

Consider one-dimensional system with bilinear dynamics

Erp1 = & + bi&pug + bauy + wy
Y = & +wy

where &, wi, ug, Y, 2z € R,b; > 0,by > 0. We again consider the problem of uniform
LIB synthesis. We suppose By = [ag, aor] € R, W = [=d,d]|,d > 0,U = [-§,4],§ > 0.

Assume that . bos
§>—: d< —2—.
o S ot

(5.11)

5.2.1 State Feedback Synthesis

We do not have an analytical solution to the dynamic programming equation (3.7). How-
ever, we obtain some estimates as follows.

An estimate of the value function is

max{|zo| , 2 +d}; if 2 € (55 bl | =l )
max{|zo|,d} < V,(zy) < 17 bid+d 5.12
{l 0’ } ( 0) {max{|x0| ,d}, if Zo ¢ (b16 3 blgfl) ( )

Assume that an optimal state feedback controller exists. Then with the optimal con-
troller, the closed-loop system is uniform LIB dissipative with respect to By and

ﬁ:{max{|aoz| o], 2 2+ db; it Bo(5; 21 :giél>7é®
max{|a01|,|aOT|,d}7 if BoN(732%, 72%) = 0

This is explained in Appendix A.2.1.

The dynamic programming equation (3.7) was solved numerically (b = 1,by = 1,
d = 0.5,0 = 2). These numerical results are consistent with the above estimates. The
results are shown in (a), (¢) Figure 5.3.

A simulation of the closed loop system is illustrated in (c), (d) Figure 5.3 ( =1,by =
1, d = 0.5,0 = 2), consistent with LIB dissipation with respect to By = [—1.2,1.2] and
B =15 (xg= —1.2,V,(zo) = L.5).
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Remark 5.4 In the special case U = R, i.e. § = 400, under the assumption that

b
d< 2, (5.13)
by
we can prove that
bo . ; _ _b
= 4+ d if To = —3=
_Jn ’ by
Val@o) = { max{|xo|,d}; if 2o # —b

b1
with corresponding optimal state feedback controller

u'(x)

b1
—T

arbitrary; if z = —%
ba+bix? b1

With this controller the closed-loop system is uniform LIB dissipative with

5= { max{|ay]|, |ao|, z—f +d}; if — Z—f € By
max{|ay/|, |ao |, d}; if — Z—f ¢ By

5.2.2 Measurement Feedback Synthesis

As with Example 1, we can explicitly solve for the information state in terms of a set-
valued state estimate, an interval.

Choose Xy = [aq;, aor] = By. The set-valued state estimate is given by

Xk = [akl,akr], k > 0. (515)

where
(i) when byuy > 0,

Ak1y = Yr + boug, + byuy max{ag, yp — d},
A(k1)r = Yk + Dotk + byug min{ag,, yi, + d}.

(ii) when byug <0
A(k1) = Yi + boug + by, min{ag,, yp + d},
A(k1)r = Y + Doug + byug max{aw, yr, — d}.

We do not have an analytical solution to the dynamic programming equation (4.58)
However, we obtain some estimates as follows.

An estimate of the value function is

A A b
max{|a,|a,|,d} < W, (X)=W(a,a,) <max{|al,|a, b_2 + d} (5.16)
1
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45r B

35F B

value function Va(x)
o
[
T
.

disturbace w, d and —d

-1k 4

2F 4

0 Il Il Il Il Il Il Il Il Il -3 Il Il Il Il Il Il Il Il Il
-5 -4 -3 -2 -1 0 1 2 3 4 5 0 5 10 15 20 25 30 35 40 45 50
state x time

(a) Value function V. (b) Trajectory of disturbance w.

optimal state feedback controller u*(x)
state x, Va(x0) and —Va(x0)

2F 4

-3 L L L L L L L L L -3 L L L I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5 0 5 10 15 20 25 30 35 40 45 50

state x time
(c¢) Optimal state feedback controller. (d) State trajectory of close-loop system: ag; =
~1.2,a0, = 1.2,8 = 1.5,20 = —1.2, Vi (z0) =
1.5.

Figure 5.3: Example 2 - system with bilinear dynamics - state feedback synthesis.

41



Assume that an optimal information state controller exists, then using the optimal
controller, the closed-loop system is uniform LIB dissipative with respect to By and
by

%
p T

B = max{|aal , |ao |,

The dynamic programming equation (4.58) was solved numerically (b; = 1,by = 1,
d = 0.5,0 = 2). The numerical results are consistent with the above estimates. The
results are shown in (a), (c) Figure 5.4.

A simulation of the closed loop system is illustrated in (b), (d) Figure 5.4, consistent
with LIB dissipation with respect to By = [—2,2], 5 = 2.

Acknowledgements. We wish to thanks M.C. Smith and I.R. Petersen for helpful
discussions and indicating to us several useful references.

A Calculations for the Examples

A.1 Example 1
A.1.1 State Feedback

We demonstrate that the value function V, is given by

bd —d bd —d
Va(xo) = max{|xo|,d}, Vo € [—m, 1

! (A1)

Now for fixed &,

Epr1 = a&y + buy, + wy
a& +buyp —d < ey < aly +buy +d

|Ekr1| < max{|buy, + a&y, — d| , [buy + a& + d|}
sup [&py1| = max{|bug + a& — d|, |buy + a&x + d|}

wEW

The choice
s, if & € (—o0, —12)

up =u* (&) = —4&, if § € -2, Y]
—6,  if& € (B, +o0)

attains the minimum

—ay — bd +d, if & € (—oo, —2)

Jnf; sup [&ka] = | . if & € [ 22, Y]
T EW a, —bs +d, if & € (2, +00)
If the initial state xg = & € [— lfjld, bjjld], then using the controller

U = U*(fk)y k Z 07
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(b) Trajectory of disturbance w.
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(a) Value function Wj,.
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system: ag; = —2, agr = 2,0 = 2,9
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(¢) Optimal measurement feedback controller. (d) State and estimate trajectory of close-loop
Figure 5.4: Example 2 - system with bilinear dynamics - measurement feedback synthesis.



we have

bd —d bo—d
— >
Eir1 € [=—— ——], k20
and
sup  sup |€k| = max{|xol|,d}.

k>0 wo,k—1€W0,k—1

Hence the value function has the upper bound:

bo —d bd —d
‘/;L inf < 7d ) v S
() = Jof sup - swp el < max{fan] d), Vo € [T Ty
Now we will prove that
bo —d bd —d
‘/a(l‘()) 2 max{|x0| 7d}7 \V/ZE() € [_ma a—1 ]
Obviously, V,(xo) > [§o] = |zol-
For any controller K € Kqe with the first step uff € U,
sip swp Jal K
k>0 wo,xg—1€W0 k-1
> sup &) uff
woEW
> inf
> ulguwilgv [1
—ay — bé +d, if & € [-2=2, 1)
= d7 lff S [__5 _6]
afo —bs +d, if & € (2, 5_1]
> d.
Since K € Kgae is arbitrary,
Vi(xg) = iInf su su >d
( 0) Ke€lstate kZIO) wo,k71€1I/)Vo,k71 ’&C‘
and (A.3) holds.
Thus (A. 1) follows from (A.2) and (A.3).
When x, > 2=¢ VK € Kstate, choose wy, = d, k > 0, since uk € U, we have

& > aéo —bd +d > & = xo,
§2>a§1—b5—l—d,

and hence
&1 — b5d>a§0—b5+d béd a(ﬁo—lf:{i),
&2 —M>a(€ b d)>a (fo bo—d),
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Since a > 1, we have

sup sup |€k| = +o00
k>0 wo xr—1€EW0 k-1

Since K € Kgqte is arbitrary, we have

Valz inf su su = 0o
CL( O) KeKstate k'>I(:))w0k 161:5)\}016‘ 1 |§k|

bd—d

>=F, we also have

Similarly, when xy < —

Va(zg) = +00.

Given the above, we have proved that

b6 —d bd—d

dom%:[_a—l’a—l

]

and
V(o) = max{|xo|,d}, Vro € domV,.

We now check that the value function satisfies the dynamic programming equation

Vo(z) = max{|z|, inf sup V,(f(z,u,w))}, Vo € domV,,. (A.4)

weU yew
In fact, Vo € domV,, V,(x) = max{|z|,d}.
For u € U such that Yw € W, f(x,u,w) € domV,, we have
Vo(f(z,u,w)) = max{|f(x,u,w)|,d},Vw € W.
Since f(x,u,w) = ax + bu + w, the controller (5.4) satisfies

—ar —bd +d, if x € [—lfjld,—%)

sup Vo (f(z,u*(x),w)) = inf sup Vo(f(x,u,w)) = 4 d, if z €[22, ]
wEW welU yew ar — b(5—|—d, if r e (%57 l;j:ld]
Hence

d < inf sup V,(f(z,u,w)) < max{|z|,d}

and the dynamic programming equation (A.4) holds.

When the initial state is zo € domV/,, the closed-loop system satisfies

2k < Vi(zo), VEk>0.

Equation (5.2) implies By C domV,, so the closed-loop system is uniform LIB dissi-
pative with respect to By and

B = max V,(zg) = max max{|zo|, d} = max{|agy| , |ao|,d}.
zo€Bo €By
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A.1.2 Measurement Feedback

We verify the expressions for W, and S C domW,. By equation (4.54), x € X4 if and
only if there exists 2’ € X, w € W such that f(2', ux,w) = x and h(z, ug, w) = yg, i.e.

ar’ +bu, +w = x
v+ w =y

that is azx’ + bug + y, — 2’ =z, or (a — 1)z’ = x — yx — buy, hence
T =y — buy

a—1
w =y, — 2

Suppose Xy = [ay, ax,|, then
x e Xy

& x— 1y — buy € [(a — V)ag, (a — 1)ag,]
& 1 € [yp + bug + (a — Vawg, yp + bug + (@ — 1)ag,].

and
w e W

& yp — 2’ € [—d, d]

& o —y €—d,d

& 2’ € [y —d,y +d]

& x—yp —buy € [(a — 1)(yr — d), (a — 1)(yx, + d)]

& 1€ [yp +bup + (a — 1) (yr — d), yx + bug + (a — 1) (yx + d)].
Hence

Xit1 = [at1)0 Q1))

where

a1y = Yr + bug + (@ — 1) max{aw, yr, — d},
Aks1yr = Y + bu + (a — 1) min{ag,, yx + d}.

In order that X1 # (), or A(k41)l < A(ky1)r, Y Must satisfy

akl—dgykgakr—i—d.

Since g(z,u, w) = |x|, the value function is

Wa(X) = Wala,a,;) = inf sup sup {max{|aw|, |a[} : Xo = X,u=K(y)}

€K k>0 yo,k—1

For fixed X}, we compute

inf sup maX{‘a(kJrl)l a(k+1)r‘}‘

3
ureU Yk

The range of y, is
ap —d < yp < agr +d
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Consider four cases:

(Case 1) apy —d <y < aw +d

(Case 2) apy +d < yp < apr +d

Yk
Yr —
A(k+1)1
ag; + d+ bug + (a — Day < (k1)1
buy + aay + d < a1y
a1l
(Case 3) ap —d < yp < agr — d

Yk

Yp +d

A(k+1)r

Qpp — d+ buk + (CL - 1)CLkl S A(k+1)r
bup + aay — d < ageyr)r

A(k+1)r

(Case 4) ap, —d <y, < gy, +d

Yk
yr +d
A(k+1)r
apr — d+buy + (@ — 1)ag, < a1y,
buy + aag, —d < aggry,
‘a(kJrl)r
Next, from above
sup maX{‘a(k—f—l)l ) a(k—‘rl)r’}
Yk

VAN VAN VAN | IR VAN VAN

INININ IV IV

VANRVAN VAN | I VANRVAN

INIANIA LIV IV

ag +d

gl

Yk + buk + (a — 1)akl

ag + d + bug + (a — 1)ay

buy + aay + d

rnax{\buk + aap — d’ , ]buk + aay; + d‘}

ap +d

Qg

Yi + bug, + (@ — 1) (yx — d)

agr + d + bug + (a — 1)ag,

buk “+ aag, + d

max{|buy + aag, + d|, |buy + aay, + d|}.

Ay — d

Ay

Yi + bug, + (a — 1) (yx + d)

agr — d + bug, + (a — 1)ag,

buy, + aag, — d

max{|buy + aax — d| , |buy + aag, — d|}.

Qe — d

Ay

Yk + bug + (a — 1)ag,

agr + d + bug + (@ — 1)ag,

buk “+ aay, + d

max{|buk + aay, — d| , |buk + aay, + d|}

= max{|buy + aay — d|, |buy, + aag + d| , |bug + aag, — d| , |buy, + aay, + d|}.

The choice
0;
U =

—gplap + agr); if lag + ag,| <

2b0
<
< 2b8

if (akl + akr) > 276

if (ap + apr)
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attains the minimum

—aay — bd + d; if (akl + (lkr) < — 20

ageyr |} = Hawr — aw) + d; if |ag + ap,| < 22
alg,y — b + d; if (akl + akr) > 269

a

inf
Juf sllllkp max{|ag1y| ,

Now we prove that

S ¢ domlV,, (A.7)
and R a R
Wa(ay, a,) = max{|a],|a.|,d + E(ar —a)}, Va,a]€S. (A.8)
where b6 —d b5 —d 2(b8 — ad)
N — — —a
s : _ P i) A.
52 {malilonal c o e —a < 220 )

~ (Step 1) We first prove that S is an invariant set under the uy, in (5.9), i.e. if [ag, ap] €
S, then

N

Yk, [@(k+1)15 Ges1yr] €S-

If (ap + ) < —22, then uy, = 6,

a

bd — d bd —d
sup max{‘a(kﬂ)l , a(kﬂ)r‘} = —aap —bd+d<a —bd+d= )
Vi a—1 a—1
If (ag + apr) > %, then u; = —9,
bd —d b —
sup max{|a(k+1)l| , }a(kﬂ)r}} =aap —bd+d<a —bd+d= )
Ve a—1 a—1

If |6Lkl + Cka,.| < 27175, then U = —%<(lkl + akr),

a a2(bé — ad) b — ad bo —d
— Yag—a)+d < 220070 2079 .
s;pmax{|a(k+1)l|,}a(kﬂ)r}} Q(ak ag)+d < 2 ala—1) + p— + p—

We have, from (5.8), Vuy,

sup(aget1yr — arsrn) < (@ — 1) min{2d, (ag, — ar)} < (A — aw) (A.10)
Yk

Hence

2(b0 — ad)

— < =7
A(k+1)r — O(k4+1)1 > a(a — 1)
and [a(k+1)l, @(k+1)r] S g

(Step 2) Now we prove that if [ag;, ag,] € S, then using the uy, in (5.9),
sup sup max{|ay|, |ax.|} : Xo = [ao, ao,]}
k>0 yo,k—1

< max{|ay|, |ao,|,d + §(aor — ao)}
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and hence

Wa(ao, agy) = inf sup sup {max{|a|, ar|} : Xo = [ao, ao,], u = K(y)}
KX k>0 yo e

< max{|ay|, |ao,|,d + §(aor — an)}-

If (ag + ag,) < —2—1"5 then uy, = 0, since —ay < 2=2¢ we have
sup maX{|a(k+1)l| ) a(k—i—l)r‘} = —aap —bd+d < —ay = \ak1| .
Yk

If (ag + axr) > 2%5, then u;, = —9, since ag, < b5 d , we have

)r‘} = QQpy —b)+d< Qpr = |akr| .

sup max{ ‘a(k.ﬂ)l ,
Yk

If a4 ak| < 22, then uy = — & (aw + ag),

a
|} = 5( r — Qi) + d.

sup max{ }a(kﬂ)l} ,
Yk

Using (A.10), we have

a
sup sup max{|ag|, |ag|} < max{|ay|, |ao|,d + =(ao, — an)}-
k>0 yo,k—1 2

~

(Step 3) Now we prove that when [aq, ag,] € 5,

Wa(ag, agy) = inf sup sup {max{|a], x|} : Xo = [ao, ag,), u = K(y)}
KX 120 o1

> max{|anl, [aor|, d + §(ao — an)}-

Obviously, X
Wa(ag, agr) > max{|ag , |ao|}-

For any controller K € K with the first step uff € U,

sup sup max{|ay|, |ag |} : K

k>0 yo,k—1

> supmax{|ay|, |a,|} : vk
Yo

> inf

> inf S;lop max{|ayl, |ai,|}

—aag, — bo + d; if (ag, + agr) < —225
2(agr — aor) + d; if |ag + ag,| < 2
aag, — b6 +d; if (ag + ag,) > 22

Z d+ %(CLQ,« — CL01>.

Since K € K is arbitrary,

. a
Wo(ao, agr) = mf sup sup {max{|ayl, |ar-|} : Xo = [ao, aor],u = K(y)} > d+=(ao,—an)-
Kek k>0 Yo,k—1 2
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(Step 4) Now we prove that

lagr, agr] & S = Wa(aol, agr) = +00. (A.11)

When ag, > 2=¢ VK € K, choose yp = ag, +d,k > 0, since u,€ € U, we have

ai, > aag, — bd +d > ag,,
aoy > aay, — bd + d,

and hence bo—d bs—d bo—d
Ay — == > aag, — b6 +d — 2= = alag, — 2=,
bo—d bo—d bi—d
agr — 2= > alay, — 2= ) > a*(ag r— ),

Since a > 1, we have
sup sup |ag.| = +oo.
k>0 yo,k—1

Since K € K is arbitrary, we have

W,(ag, ag,) > inf sup sup |ag,.| = +oo.
Kek >0 yo 1

Similarly, when ag < — d , we also have

A

Wa(aﬂh aOr) = +00.

When ag, — ag; > ((lbi (i;l , VK € I, choose 19 = ag; — d, 99 = ag, + d, we have

. . K - . K
a1 = a1, = aag, — d +buy , @y = a1, = aag, +d + bug .

Since I, . .
iy — &H = a(aor — Clo[) + 2d > Q +2d = u,
-1 a—1
we have either a;; < ——1d or day, > ¥=d and hence

A

Wa(aor, agy) = +00.

Using Steps 1-4, we have proved the formula (A.8).

Now we check that Wa(al, a,) is a solution of the dynamic programming equation
Wa(a, a,) = max{|ay] , |a,| , inlfJ sup W (F(ag, ap,u,y))y, VX =[a,a,] €S, (A.12)
ue yeY

where F(a;, ay,u,y) = F(X,u,y) is defined in (4.54).

F
In fact, Wa(X> - Wa(ala ar) - max{]al| ) |CL,«| 7d + %(ar - al)}'
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Since F(al, ar,u,y) = [a, a,| where

a,=vy+bu+ (a — 1) max{a;,y — d},
ar =y +bu+ (a — 1) min{a,,y + d}.

A

Wo(F(ar, ar,u,y)) = max{|al, |a,|,d + 2(a — a)}.
The controller (5.9) satisfies

sup Wa(p(al7araﬁ*(alaa'r)7y))
yeY ) )
= inf sup W,(F(a;, ar,u,y))
UEUer
max{—aq; — b6 + d,d + &(a, — a)}; if (@ +a,) < —22
= ¢ max{§(a, — ;) +d,d+ 5(a, —a)}; if o +a,| < 26
max{aa, —bd +d,d+ §(a. — a;)}; if (a7 + ay) > %

Hence

g(ar —a;)} > inf sup Wa(ﬁ(al,amu,y)) >

= d
2 ueU yeY (a al) +

max{|a/l,|a,|,d+

N

and the dynamic programming equation (A.12) holds.

Assumption (5.5) shows that By € S c dAomWa, so the closed-loop system is uniform
LIB dissipative with respect to By and § = W, (Xo) = Wa(agr, aor) = max{|ay/|, |ao.| ,d+

a

2 (aor — ao)}-

A.2 Example 2
A.2.1 State Feedback

We verify the bounds for V.
For fixed &,

Sht1 = &k + 01&§pur + Doy, + wy,
§k + blfkuk + bzuk —d S €k+1 S fk + blfkuk + bguk + d

&1 < max{|(ba + b1&p)ur + & — d|, [(ba + b1 ur + & + d|}
sup [&rt1| = max{|(bs + b1&x)ur + & — d|, [(D2 + b1&p)ur + & + d|}

wrEW
When & ¢ (b:fsm—&p b:é’i‘sl), the choice
—&
u,=————¢€U A.13
P by + bi& (A.13)

attains the minimum



(1) When & = x¢ ¢ (22, =23 we choose

b16—17 b16+1
* _50
uy = ——— € U,
O by +bi&
then we have
gl = Wy,
since bs
<d< —2
fwol < d < 3577
we have bos b
—02 —bg
& ¢ (515— 1 b6 + 7
so we can use the controller ¢
—&1
uwy=————¢€U
Loby b1&
and byl —bod
—by —b2
&¢ (bld— 17 b6 + 7

Generally, we can choose

* _gk
u, = ———— Vk >0
B by 4+ b
and under this controller,
sup  sup |€k| = max{|xol|, d}.

k>0 wo,xr—1€EWo,k—1
Hence the value function

Va(zg) = inf sup sup |€k| < max{|xo|,d}.
Ke€lstate k>0 wo,k—1€EWo, k-1

ii) When & € (7% =529 the choice
b16—17 bi16+1

1
= —— €U,k >0
by

attains

b
sup el = 2 4
wpEW 1

Hence the value function

b
Va(xo) = inf sup  sup &k < max{|xol, b—2 +d}.
1

KeKstate >0 wo,k—1€EWo, k-1

Now we will prove that

V(o) > max{|xo|,d}, Vzo € R.
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Obviously, V,(xg) > |zo|. For any controller K € Ky with the first step u,

sup sup &k] - K > sup |&] :ult > inf sup |&] > d.
k>0 wo xr—1EWH, k-1 woEW u€lU yoeW

Since K € Kgqe is arbitrary,

Vi(zo) = inf su su > d.
ll( 0) KeKstate ]gzlg wo’k_legv(),k—l |£k| N

Using the above, the estimation (5.12) holds.

Suppose there exists an optimal state feedback controller. Under this controller and
with the initial state zq, the closed-loop system satisfies

Zke S V(Z(x()), vk Z 0.

If By ﬂ(b;??_‘sl, bzgfl) = (), the closed-loop system is uniform LIB dissipative with re-

spect to By and

f = max V,(xy) = max max{|zo|,d} = max{|agy|, |ao|,d}.
o€ Bo o€ Bo

If By((72E, =22 £ (), the closed-loop system is uniform LIB dissipative with respect

b16—17 b1o+1
to By and
b
B = max V,(xo) < max{|ag|, |ao,|, > + d}.
zro€By bl
When U =R

For any &, € R, the choice

. arbitrary; if by + b1& = 0
YT s i by 4 by&g £ O

bo+b1&y 7

attains the minimum

inf sup |Gen| =
ur €U wLEW

24 d; if by + b1 =0
d; if by + b1& # 0

(i) When & = x satisfies by + b1&y # 0, we choose

vl
by + b1&o
then we have
&1 = wo,

since

lwo| < d < b—2,

by

we have

by + 0161 # 0,
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so we can use the controller ¢
X —&1
U = —————,
Yoby bi&1
and obtain
& =wy, by +b& #0,

generally, we can choose

—&k
u, = ———Vk >0
R by b1 -

and under this controller,

sup  sup |€k| = max{|xo] , d}.
k>0 wo r—1EWH, k-1

Hence the value function

Vo(zg) = inf sup sup |€k| < max{|xo|,d}.
Ke€lstate k>0 wo,k—1€EWo,k—1

Inequality (A.16) then implies

Va(xo) = max{|xo|, d}.

(ii) When &y = x¢ satisfies by + 01&y = 0, i.e. g = —g—f, we can prove that

b
Vo(20) > max{|zo|, = + d}.

by
In fact, when &, = xg = —Z—f, for any controller K € K4 With the first step ué< ,
K b2 b2
sup  sup |€k| - K > sup [&]:ug = sup |—— +wp| = — +d.
k>0 wo r—1€EWo, k-1 woEW woEW bl bl

Since K € K4 is arbitrary,

b b
Vi(zg) = inf sup sup 1€k > b_2 + d = max{|zo|, b_2 + d}.
1 1

Ke€lstate k>0 wo _1€Wp 11

Using (A.15), when & = 29 = — 2, we have

by
V(o) = max{|zo|, Z—j +d} = Z—j +d.
Thus we have proved that
z—f + d; if zp = _Z_f

Va(wo) = {

max{|xo|,d}; if zg # —Z—f

o4



Now we prove that the value function satisfies the dynamic programming equation

Vo(z) = max{|z|, inf sup V,(f(z,u,w))}, Ve € domV, = R.

u€U yew

ProOF. When x # —Z—f, Vo(z) = max{|z|, d}.

2+ if f(z,u,w) = — 22
maX{|f(9j7u,w)| ,d}, if f(gj’u,w) 7£ _Z_f

Since f(x,u,w) =z + byxu + byu + w, when u* =

Vu € U,Yw € W, V,(f(z,u,w)) = {

f('IJUJ*?w> = U), Va(f(x7U*7w)) = d7

hence
d < inf sup V,(f(x,u,w)) < sup V,(f(z,u",w)) = d.

weU yew weW

Hence the dynamic programming equation holds.
When z = —2,V,(z) = 2 +d.

Since Yu € U,f(—g—f,u,w) = —Z—j +w and

by Z—f +d; itw=20
Va(_b_1+w): max{‘—lb)—f—l—w‘,d}; if w#0
we have b b
sup Va(f(——Q,u, w)) = 24 d,
weW bl bl
Since u is arbitrary, we have
. ba by
jglfjsggv%(f(—a,u,w)) =5, T

Hence the dynamic programming equation also holds.

When the initial state is zg, the closed-loop system satisfies
2z < Vo(zo),Vk > 0.
If —Z—f ¢ By, the closed-loop system is uniform LIB dissipative with

B = max V,(xo) = max max{|zo|,d} = max{|agy| , |ao|,d}.
o€ Bg o€ B

If —Z—f € By, the closed-loop system is uniform LIB dissipative with

by
g = max Va(wo) = max{|an] , |ao| b

+d}.
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A.2.2 Measurement Feedback

Now we explain the estimates for W,. From (4.54), © € Xj4q if and only if there exists
' € Xg, w € W such that f(2/, u,w) = x and h(z, ug, w) = yg, i.e.

'+ bix'ug + boup +w = x
4w =y

that is o' + bix'ug + bouy + yp — ' = x, or byupr’ = x — yp — bouy.
When byu # 0
r_ r— Yk — bQUk
biuy,
T — Yy — bauy

W=y — 2 =yp—
bluk

Suppose Xy = [ag;, ag,|, then
(1) when byug > 0
e X,

& x — Y — bouy, € [brugag, biuga,|
& X € [yr + baug + brugak, Y + by + byuga,|.

and
we W

&y — 2’ € [—d, d]

& 2 -y, € [—d,d

& a e [yk —d,y;ﬁ—d]

S =y — boug € [brug(yp — d), byug(yx + d)]

= T € [yk + bouy, + bluk(yk — d), Yk + bouy + bluk(yk + d)]
Hence

X1 = [ar1)ts Qhyiyr] (A.17)

where

A(k1) = Yk + boug + byuy max{aw, yx — d},
A(k1)r = Yk + Doty + brug min{ag,., y + d}.

(2) when byug < 0
x e X,

& — Y — bowy, € [brugayy, biugay]
& X € [yr + baug + brugak,, yx + bouy + brugag].

and
weW
< o' € fyp — d,yr + d
& x — yp — bouy € [brug(yr + d), brug(yp — d)]
& 1 € [y + bauy, + brug(yr + d), yr + baug + brug(yr — d)].
Hence

X1 = [ae41)15 Ct1)r] (A.18)
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where ‘
A(k1) = Yr + boug + brug min{ag,, yi, + d},

A(k1)r = Yk + boug + byug max{aw, yr, — d}.

Remark A.1 When byu; = 0,2 = yi + boug and
X1 = [Yr + Dok, Yr, + Doug]

can be regarded as a special case of the equations (A.17) or (A.18).

Since g(z,u, w) = |z|, the definition of the value function is (A.5).

Now for fixed X}, we compute

inf sup maX{|a(k+1)z| ) }a(k+1)r‘}-
Uk oy

The range of y; is
ap —d <y < ag +d
(1) when byuy > 0,

(Case 1) apy —d < yp < ag +d
e < am+d
w—d < ay
A(k+1)l = Yk + boug + brugay
agr — d + boug, + brugay < ageyay < ag + d + boug + biugay
(by + brag)ur + ary — d < ageray < (by + brag)ug + aw +d

|a(k+1)l| < max{|(bs + brag)ur + ar — d|, [(b2 + braw)ur + aw + d|}.

(Case 2) ag +d < yp < ag, +d

ye > ag+d
ye—d > ay
Aty = Yi T baug + biug(ye — d)

agr + d + boug + bugar < agrryn < agr + d + bauy + brugag,
(bQ + blakl)uk + Qg + d S a(k+1)l S (bg -+ blakr)uk + Ay + d

‘a(k+1)l‘ < max{|(by + byak )ug + ag, + d| , |(ba + byag, )ur + axr + d|}.
(Case 3) apy —d <y < ag — d

Yk S Ay — d
Yk + d S Ay
Ak+1)r = Yk + Doy + brug(yx + d)
ag; — d + boug, + bugay < agegryr < g — d + bauy + brugag,
(by + braw)ur + ar — d < agerye < (by + bragy)ur, + ax, — d
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‘@(k—i-l)r‘ S max{|(b2 + blakl)uk + ag; — d‘ , ‘(bz + blam)uk + Qg — d‘}

(Case 4) ap, —d <y, < gy +d

Ay

A(k41)yr = Yr + boaug + Drugag,
agr — d + boug, + biugar, < g1y < g + d + boug, + brugag,
(by + brag, )up + agr — d < agyrye < (b2 + brage)ug + ap, +d

|a(k+1)r| < Inax{|(b2 + blakr)uk + ap, — d| , |(b2 + blakr)uk + ag, + d|}

From above

Ak+1)r ’}

Yk
= max{|(by + byam)ug + ar — d| , |(ba + byag)uy, + ax + d| (A.19)

|(b2 + bragy)ug + ary — d| , [(bg + brag, )uy + age + d|}.

Y

sup max{ ‘a(kﬂ)l

Similarly, when bju; < 0, we also have (A.19).

Remark A.2 When bju;, = 0,

sSup maX{|a(k+1)l| ) |a(k+1)r|}
Yk
= sup |yx + bouy|
Yk
= max{|byuy + ar — d|, |bauy + ai, + d|}
= max{|b2uk =+ QArr — d| s |b2uk =+ Al —+ d| s |b2uk —+ Qpp — d| s |bguk + Ay + d|}

can be regarded as a special case of (A.19). O
For any ay;, ag,, the choice
1
u,=——€ UVk >0
by

attains .
2
a(k“)r’} = b_l +d.

sup max{ ‘a(,ﬁq)l
Yk

Hence VX = [a;, a,], the value function

. . b
Wa(X) = Walar,a,) = inf sup sup max{ |, Jax [} < max{lai],|a,|, > +d}. (A.20)

€K k>0 yo k1 b

Now we prove that

~

Walay, ar) > max{|a|,|a.|,d}.
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A

In fact, obviously, W,(a;, a,) > max{|a]l,|a.|}. For any controller K € K with the

first step uf,

sup sup max{|ak/, |ak|} : K
k>0 yo,k—1

> supmax{|ay|, |a|} : vk
Yo

> inf supmax{|ay/|, a1}
uelU Yo

= 12{fJ max{|(by + bia;)u + a; — d|, |(ba + bya))u + a; + d|,
’(bg + blar)u + a, — d’ s ’(bg + blar)u + a, + d’}

> (.

Since K € K is arbitrary,

Wa(al,ar) = inf sup sup max{|ay/|, |ar-|} > d.
KEK k>0 yo,k—1

Thus the estimate (5.16) holds.
Now choose Xy = By = [aq, ag,] and use the controller (A.14), then the closed-loop

system is uniform LIB dissipative with g = W(aOl, ag,) < max{|ag],|ao|, Z—f + d}.

Suppose an optimal information state controller exists, then the closed-loop system is

also uniform LIB dissipative with 8 = W (ag, ag,) < max{|ag|, |ao,| . Z—f + d}.
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