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Abstract—This paper provides a technique for minimal  while making local decisions on where to move next
time robot motion control in the estimation-theoretic based in order to maximize the information obtained from the
simultaneous localizations and map building (SLAM) prob- — gsaryations. The inverse of the estimation error covariance
lem. We consider the scenario that the robot needs to go to . d imati f the Fisher inf f f
a destination which is a prescribed location in the coordinate IS used as an appquIma lon o : ? |§ er informa |0'n 0
system referenced by its starting position. The task of the the system. The choice of the decision is based on a single-
robot is to reach the destination within minimal time while  step look-ahead and it is assumed that no new beacons will

localizing itself and building a map of the environment with  pe observed in the next step, hence, the results are locally
a prescribed accuracy. This task may be a real navigation

task or may _be a subtask in a SLAM problem of a Iarge Op_tllhmal [ﬁ].th' kind of | | optimizati thod
unknown environment. A global sub-optimal control law is oug . IS Kin 9 Qca OP Imization m.e oas may
derived using dynamic programming technigues. work well in some situations, it can result in very poor
performance in some particular environment. For example,
|. INTRODUCTION consider a SLAM problem in a one dimensional envi-

The simultaneous localization and map building (SLAM)ronment. The motion that minimizes the error covariance
problem is to place a robot at an unknown location in afn the next estimates of robot and observed landmark
unknown environment and then have it build a map of thisocations is, in many cases, to make the robot stationary
environment while simultaneously using this map to comer move backwards (revisiting old landmarks can reduce
pute the robot location. The SLAM problem is importantthe estimation error). If the local optimization technique
in a large range of applications where absolute position an [4] is used to decide the motion of the robot, then
precise map information is not available. The estimationthe robot may only choose to remain stationary or go
theoretic based approach (in particular, the Kalman filtelbackward in order to reduce the estimation error, this makes
based approach) for SLAM problem was well developedt impossible to complete the SLAM task. From this point
(e.0. [3], [8]). The Kalman filter is used to provide esti-of view, it is very important for the robot to keep the
mates of robot and landmark locations. Especially, it wasverall objective in mind at all the time. Recently, Alex
proved in [3] that a solution to the general SLAM problemMakarenko et al. [1] considered the integrated exploration
exists and it is indeed possible to construct an accurafroblem where the tasks of localization, mapping and
map and simultaneously compute robot position estimatesotion control are combined together. A frontier method
without any prior accurate knowledge of robot or landmarK10] is used to generate potential destinations, then multiple
locations. utility functions are used to evaluate the utility of the

Many SLAM algorithms did not take the motion control potential destinations. The destination with the highest total
into account. That is, the robot trajectory is predeterminedtility is selected as the next destination. After the next
or randomly chosen. In fact, choosing the right trajectoryestination is decided, a path to the destination is planed
during robot exploration is much more beneficial tharusing the navigation function method and the robot will
using a fixed trajectory or moving the robot randomly. Formove to the destination by following the planed path. In
example, in the localization problem, an active localizatiorthis method, the destinations are generally located on the
approach based on Markov localization [5] makes the robadge of the explored and the unexplored regions, and how
localizes itself more efficiently. to choose the speeds such that the robot can reach the next

The motion control (trajectory control) in SLAM is not destination in minimal time is not considered.
trivial. As far as we know, the first paper addressing the It is the purpose of this paper to develop a minimal time
motion control in SLAM problem is [4] where Feder et al. motion control technique in the SLAM problem when the
provided an adaptive motion control techniques in SLAMdestination is a prescribed location related to the starting
The robot creates a map and localizes itself simultaneouspyoint (this point may be far away from the explored region).
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We want the robot to reach the destination within minimal (2) Update the estimation using the observatgn:
time while keeping the error in the estimations of robot

and landmark locations below a prescribed level. ;Hl'kﬂ _ ;’“H‘k J:II<<k+l(Szk+1KTH(Xk+1lk))’
The paper is organized as follows. In Section II-A, the " !** ktilk — Brp10k 418G ©)

estimation-theoretic SLAM algorithm is briefly reviewed. yhere

The motivation and formulation of the problem are given in Kiy1 = Pk+1|kHZS,;i1, )

Sections 1I-B and II-C, respectively. Section Il describes Skr1 = HkaH‘kHz + R,

the development of a solution to the problem using dyz 1
namic programming. An example is given in Section Vat %
with simulation results. Section V concludes the paper.

x IS the Jacobian oH with respect tox evaluated
k+1]k-

B. The minimal time motion control problem in SLAM -
[I. PROBLEM STATEMENT Motivation

A. Estimation-theoretic SLAM algorithm In SLAM, the more observations are made, the more
accurate the map and the localization will be. Also, the
" faster the robot moves, the larger the error in the prediction
becomes. In practice, we will need the robot to complete
the SLAM task in a certain period of time. So there is
always a compromise between the estimation accuracy and

Xpprr = F(Xp» g, dy) 1) the time useq. . .

In many situations, we may want the robot to localize
whereuy, is the control input at timé, d, is the Gaussian itself and complete the map of an environment (both with
process noise with covariance. The exact formula of a certain level of accuracy) using minimal time. This can
function f depends on the type of the robot and thebe regarded as thinimal Time SLAM Problem .
channels where the process noisg comes in, etc. The generaMinimal Time SLAM Problenis probably

The landmarks are assumed to be stationary and we utgéractable due to the high uncertainty of the environment
x,, to denote the state of all the landmarks. Let the statand the high complexity of the problem. This motivates us
vectorx = [x7,x” |7 contain both the robot states and to consider a more concrete problem where the destination
the landmark states,,, then the process model can beof the robot is given. This problem may be a real navigation
written as problem in which the destination is a particular point
F(x,, , g, dy) of interest. _It may also be possible to divide a genere}l

Tk TR T } . (2) SLAM task into several subtasks where the destination is

We briefly review the estimation-theoretic SLAM algo
rithm provided in [3], [4].

Let the robot's state be denoted by. = [z,,¥,, 9|7
and the dynamic model for the robot was given by

Xk+1 = F(Xk,uk7dx) = |:

Xm a prescribed location in each subtasks.
The observation model is There is still a big difficulty involved — obstacle avoid-
ance. Since there are good path planning methods available
zr = H(xy) +d, ()  (e.g. A* Algorithm in [7], D* Algorithm in [9]), we
) . . ._decouple the obstacle avoidance from the motion control
where H defines the nonlinear coordinate transformatlor}le foIIcF:ws

from state to observation coordinatek, is the Gaussian At the very beginning, a path from the starting point

observatlo.n noise with cqvanancR:. , , to the destination is computed based on all the available
The estlmathn-theoretlc SLAM algorithm is based Onknowledge about the environment, this path may be re-
th_e work OT Smith et 9" [8]. It Uses the Extended KaImannewed when some new information about the environment
Filter algorithm to_optlmally.estlmate the state VeaoaS s ayailable. So at any time, a path from the robot to the
well as the associate covariance matrix destination is available and our motion control problem
p_ [ P,.. P,. } @ is simplified to how to choose the direction (forward or
PL  Pom |- backward) and the speed of the robot (along the path). We
would like to provide a control law which only depends
on the current estimation error and the current distance to
the destination. So the path replanning does not matter in

Suppose at step, the estimation of the states of the
robot and landmarks i%,;, and the relevant covariance
matrix is Py;. The Kalman Filter algorithm proceeds . motion control method.

recursively in two stages: Because we decouple the motion control into path

(1) Predict the current states of the robot and theyanning and motion control along the planed path, the
landmarksx; 1. using the process model, also comput&qmpytation complexity is reduced, however, the result we
the state estimate covariance maffty ;. obtained will be only sub-optimal.

At any time step, when the control action is to be
decided, there is always a trad off between reducing the
estimation error and reducing the distance to the destina-
whereFy, Fq, are the Jacobians &f with respect tax,d, ~ tion. We would like to focus on the long term strategy
evaluated ak;,;, respectively. instead of the local strategy.

)A(k+1|k = F(Xka ug, 0) (5)
Pk+1|k = FXPk‘szﬁ-Fdeng,
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Based on the above motivation, we formulate the probthe starting point to the ending poidy, find the optimal
lem considered in this paper as follows. control action at each step

Problem: Given the starting point and the destination e cU. k>0
point and a path between the two points, find the right k =T
control policy (the direction and the velocity at each timesuch that the total time taken to reach the destination is
step) such that the total time taken to reach the destinationinimized under the error bound constraipis< 4, k& >
is minimized, while the error of the estimation of the robot0.
and landmark locations is kept below a prescribed level. Remark 2.1:There are many choices for the error bound

pr. For example, the upper bound of the variance of

C. The minimal time motion control problem in SLAM —the states of the robot (the upper bound of the diagonal
Problem Restatement elements in the submatri®,.. in (4)), the upper bound

In the following, we use some mathematical notation®f the diagonal elements in the whole covariance matrix
to state the problém more rigorously. P, the determinant of the covariance matkx the Fisher

We suppose the control actions can be chosen from igformation [4], etc. .Our method provided here is suitable
given set of possible control actions- U. Without loss [OF the problems using each of these error bounds.

of generality, we assum¥ is a finite set, i.e. I1l. THE SOLUTION TO THE PROBLEM
U= {a',a -, am, ®) A. The approximate model
_ . From the SLAM algorithm in Section II-A, it can be
wherea', - - -, u™ are all the possible control actions. Hereseen that the evolution of the covariance maRixlepends

a control action contains not only the velocity and thepn the model of the robot, the model of the observation,
direction, but also the time period the control action laststhe previous covariance matrix, the control action, the
For example, one of the control action may be “go forwarchumber and the distribution of the landmarks, and so
at5 cm/s for15 seconds”, another control action may beon. The evolution of the error boung, is even more
“rotate 180° at5°/s” (takes36 seconds). Since each control complicated and it is impossible to obtain a clear formula
action lasts for a relatively long period, the effects of thefor it in general. Furthermore, even if the clear formula can
speeding up or slowing down period are ignored here. somehow be obtained, it is impossible to use the model to
For each possible control actiaif, 1 < i < m, we calculate the optimal control law because the computation
useT'(u") to denote théime needed to finish the control  complexity is not acceptable.
action u’. In the following, we use time steps to denote Fortunately, we can keep the data of the error bounds
the time when the previous control action is finished anet each time step during the application of SLAM algo-
a (possibly) new control action is needed to be chosenmithm. Under the assumption that the key factors of the
Note that this time step is different from the time step useénvironment (e.g. the density of the beacons) do not change
in Section II-A. The actual time difference between twovery much along the path, we can assume that the error
adjacent time steps depends on the time needed to finiBloundp;,; mainly depends on the control actiap and
the particular control action. For example, if the controlthe previous error boungl,. Moreover, numerical methods
action chosen at time stepis “rotate 180° at 5°/s”, then  (e.g. the nonlinear regression methods [2]) can be used
the time period between time stépand time stepc +1  to obtain an approximate model of the evolution of the
is 36 seconds. The time at which the first control action iserror bound (under each control action) using the data from
chosen is time stef. SLAM algorithm. We assume the model of the error bound
In order to obtain an acceptable map in the SLAM probevolution is the following.
lem, we need to keep therror bound of the estimation of Model of pi: For 0 < i < m, when the control action
the robot and landmarks locations less than a given positiis @?, the dynamics ofy, is
numberé at all the time steps. We ugg, to denote this
error bound at time step. At the starting point, the error Pi1 = fi(pr) +wi, (Po =po) ©)
bound is denoted ag). So the constraints in our control where f; are given (one scalar variable, nonlinear) func-
problem are tions, w; is used to characterize the model uncertainty
pe <8, Vk>0. which satisfies
—w;o < w; < Wwip (10)
Another important factor is thdistance from the robot
location to the destination We used; to denote the
distance at time step. Thendy is the the distance from
the starting point to the destination.
Now our minimal time robot control problem can be .~ .
stated as follows. direction). .
o : Model of di: For 0 <14 < m, when the control action
Problem Restatement: Given the set of the possible is @i, the dynamics ofl; is
control actionsU, the required bound of the estimation ' K
error §, the initial error boundpy, and the distance from di+1 = ¢i(dy), (do = do) (11)

(w;0 is @ nonnegative constant number).

Sinced,, is the distance from the robot location to the
destination at timek, the dynamics ofd, can also be
obtained easily for different control actions (velocity and
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whereg; are given functions. « Step 3. Compute functiof,,;,; using the dynamic

programming recursion
B. Dynamic Programming Equation

. . . Vit1(p,d) =  min max
We have shown that the problem is a time optimal a'€U(p) —wio<wi Swio
control problem with state constraints, < &, k > 0. {T(al)+Vn(fi(p)+wiagi(d))f'
Now we use Dynamic Programming technique to solve the ) ) (17)
problem. « Step 4. If there exists a paird, 0 <p <4§,0<d <
We define thevalue function do, such that
V(p,d) — the minimal time taken to reach the [Vat1(p, d) — Va(p, d)| > e, (18)

destination when the current error bound
is p, and the current distance from the
robot location to the destination i

under the constraintg, < 6,k > 0.

then letn = n+1, go to Step 3. If notV,,+1(p,d) is
an approximation of the value function that satisfies
the dynamic programming equation (16).

« Step 5, The optimal controllet*(p,d) can be ob-
tained simultaneously in the iteration. We just need to
save theu’ that achieve the minimum in (17).

After obtaining the value functiof (p, d) and the opti-

mal control lawu*(p, d) (off line), in the real implementa-

tion, we compute the, (using SLAM algorithm) andiy

(using (11)), and apply the control law’(p, dx) at each

time stepk.

(12)
In fact, the value ol at the point(py, do) — V (po, do),
is the minimal time needed to reach the destination from
the starting point with the initial error bouna, (consid-
ering the worst case of the uncertainty).
If the robot is currently at the ending point, then the
minimal time needed to reach the ending poind.iSo the
value functionV needs to satisfy the boundary condition

IV. AN EXAMPLE

_ A. The problem and the model
Note that because of the constraipis < 0, when the 5 an example, we consider a corridor environment

current error bound iy, the control actions resulting in (Level 5, Building 2, UTS, Figure 1 (a)21 beacons are
Pr+1 > 6 are not allowed actions. At time stép we are placed along the corridor with uniform distribution. The

only aIIowe_d to use the cont_rol_ actions such tb’a‘tl =9.  gistance from the starting point to the ending poinkés
So we define theset of admissible control actionsby meters

Ulpr) = {@' € Ut fi(pp)+wi <6, Y—wio < wi < wip}- We use the upper bound of the diagonal elements in the
(14 submatrixP,.. in (4) as the error boung,. It should be

By the typical dynamic programming principle, the valuenoted that the robot can not revisit the old beacons behind

it unless it rotates. So this error bound will be increasing

continuously if the robot keeps going forwards (even if

V(pk,dr) = min max{T (ug) + V(pr+1,dk+1)}- with a very slow speed). In order to guarantee the error
ur€UPr) W (15) bound in the SLAM is within a given bound, we have

to make the robot rotate and go backward from time to

time. This makes the total time to reach the end of the
corridor very long. Also, it is crucial to decide when the

V(p,d) = min max robot rotates and how fast the robot moves.

V(p,0) = 0,p < 4. (13)

function satisfies

Using the models ofp;, and di, we can obtain the
Dynamic Programming Equation

?;&(f)) :JV"(S;)(S)“’iw (@)} (16) The control action in this situation is the speed and
i\P is g ' the direction in which the robot moves. In particular, we
C. Computation of the value function consider the set of possible control actions
The value functionV(p,d) and the optimal control U = {a*,a%, - ,a°} (19)

action can be solved numerically using the numerical

method of solving dynamic programming equations. Noticé"h_elre

that the value function is a function afscalar variables, ~ * ~ go forward atsem/s for 15 seconds

the computation complexity is acceptable. u —9o forward at7.5¢m/s for 15 seconds
We only need to solve the value function within the * — 99 forward atlOcm/s for 15 seconds

following range:0 < p < 6,0 < d < do. S — go forward atl5cm/s for 15 seconds
The following is an algorithm that can be used to — go backward abcm/s for 15 seconds

—~6
compute the value function and the optimal control action. % — 90 backward at.5¢cm/s for 15 seconds
Algorithm: u” — go backward at0Ocm /s for 15 seconds

u® — go backward at5 for 15 seconds
« Step 1. Letn = 0. Choose a small toleranee> 0. v 9 cm/s

Step 2. Initialize the value functiok(p, d), e.g. let u’ - rotate180” at 5°/s (takesi6 seconds)
¢ : 0\ &)y &-9- So, the time needed to finish the control actions are
Vo(p,d) =0forall0 <p <4,0 <d<dy. (Vp needs

to satisfy the boundary conditio¥i(p, 0) = 0, Vp) T(a') =15s, i=1,---,8, T(a’)=36s. (20)

SIS
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The robot can not go backward if it is facing forward;
and it can not go forward if it is facing backward. So the
set of admissible control actions depends on not only the
error boundp, but also the direction of the robot. In order
to take this into account, we introduce a sign for the error
bound variablep, p > 0 indicates robot is facing forward
and p < 0 indicates robot is facing backward. Now the
error bound constraints become

L

r

TETETETIETEI §

robot
/

beacons
e

i

I

Using the data obtained from the SLAM process (sim-

Ipk| < 8. Vk > 0.

“ st
o v T v v v O ¥ v
o
s . . . . s 3 s

(a) The environment — corridor

ulation) when the robot is moving at different speeds (and

rotating), we get the approximate model of the dynamics of U

p by nonlinear regression methods [2] (we assuyfi{e) is

of the formp-+a; |p|** when|p| > 0.0005, fori =1, -,

81

we also assume;p =0, fori =1,---,9)
p+0.0061[p[>*", p > 0.0005
S®) =\ 0.0005, 0 < p < 0.0005
P+ 0.0098[p|>*,  p > 0.0005
F2p) =1 0.0005, 0 < p < 0.0005
p+0.013p[>*7, p >0.0005
Fs(®) ="\ 0.0005 " 0<
. , p < 0.0005
p + 0.0205|p|>47,  p > 0.0005
Ja®) =1 0.000, 0 < p < 0.0005
p+0.0092|p|*%%,  p < —0.0005
fsp) = —0.0005, 0> p > —0.0005
p +0.0175[p|>¢, p < —0.0005
folp) = —0.0005, 0> p > —0.0005
p +0.0187|p|>%%,  p < —0.0005
Jr®) = Z0.0005, 0>p> —0.0005
p + 0.03025|p|%%%, p < —0.0005
Js®) = Z0.0005, 0> p> —0.0005
fg(P) = P

(b) Map obtained by SLAM algorithm

Fig. 1. The environment and the map obtained

The range of computation is:d < p < 4,0 < d < dp.
We choose the number of grids§ = 100, discretizep €
[—d,0],d € [0,do] aspt,---,pN,dt, - dV.

Using the algorithm in Section IlI-C (we choose the
tolerancee = 0.1 in Step 1), we obtain the value function
V(pi,d;), 1 < i,j < N and the optimal control law
u*(pi,d;), 1 <i,7 < N numerically as shown in Figure
2 (it takes14 iterations for the value function to converge).
It can be seen from Figure 2 that when the distaide
fixed, the larger the error bound is, the longer time is
needed to reach the destination; when the error bqund
is fixed, the longer the distancg is, the longer time is
needed to reach the destination.

Sinced is the distance from the robot to the destinationc. simulation
the dynamics of! can be obtained easily as

g1(d) = d—0.05x15=d—-0.75
g2(d) = d—0.075x15=d—1.125
gg(d) = d-01x15=d—-15
ga(d) = d—015x15=d—2.25
g5(d) = d+0.05x15=d+0.75 (21)
ge(d) = d+0.075x15=d+1.125
g7(d) = d+01x15=d+1.5
gs(d) = d+0.15x15=d+2.25
go(d) = d.

We did the simulation with a real-time SLAM algorithm
realization using player/stage. Figure 1 (a) is the world map
representing the corridor. A laser scanner was used which
makes observations evedy3 second (the range of the laser
is 20 m and the scanning angel 180° with resolution of
0.5 degree).

The optimal control law obtained in Section IV-B was
implemented in the SLAM simulation. At each stepthe
error boundp, was obtained from the SLAM algorithm,
the distanced;, was obtained using (11), and the optimal

Whenp > 0, the set of the admissible control actions iscontrol laww* (py, di.) was applied.

U(p) = {a' € {a*,a* a* u*,a’}

|fi(p)] < 6}

(22)

It took 1220s for the robot to reach the destination, the
final map is given in Figure 1 (b). (The error bound is

Whenp < 0, the set of the admissible control actions is'@duired to be withir).015). The difference between the

U(p) = {a' € {a°,a% a", a8, @’} :
B. Compute the value function and optimal control law
Now we compute the value function using the algorithm

|fi(p)| < 6}

provided in Section IlI-C.

We

set

§=0.015, dy =26(m), po=0.

(23)

(24)

estimation of the robot location and the true robot location
(obtained by truthproxy) is given in Figure 3.

Before the minimal time robot motion control technique
qwas developed, in order to guarantee that the error bound
In the SLAM is lower than the bound.015, we fixed the
robot speed afi5 cm/s, and let the robot rotate and go
backward once the error was abd¥615, then let it rotate
again and go forward when the error bound was reduced

3114



I
"o 200 400 600 800 1000 1200

~ 2600

I
0 200 400 600 800 1000 1200

P d (em)

Phi (rad)

I
o 200 400 600 800 1000 1200

Fig. 3. The estimation error of the robot location ¢, ¢) and the95%
confidence limit

ooms T R variable p in our method into some other performance
oars s criteria.
Further research work includes how to divide a general
SLAM problem into several steps where each step has a
Fig. 2. Value function and Optimal control law destination point, and how to couple the obstacle avoidance
with the motion control techniques to obtain less conser-
vative results, etc.
to 0.009. The simulation shows that the robot took longer
time (1409s) to complete the SLAM task using this method
than using the minimal time optimal control law.

(b) Optimal control lawu*
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