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Reliable linear-quadratic control for symmetric composite systems

SHOUDONG HUANGTt, JAMES LAM{ and GUANG-HONG Y ANG§

The reliable linear—quadratic (LQ) state feedback control for symmetric composite
systems is studied. Necessary and sufficient conditions for a state feedback controller
to be a reliable LQ controller are given by using the special structure of symmetric
composite systems. Simple controller design methods are presented and an illustrative

example is given.

1. Introduction

In recent years there has been great interest in the study
of symmetric composite systems. Symmetric composite
systems are systems composed of identical subsystems
which are symmetrically interconnected. The motivation
for studying this class of systems is due to its very
diverse application areas, such as in electric power
systems, industrial manipulators and computer net-
works (Lunze 1986, Sundareshan and Elbanna 1991,
Hovd and Skogestad 1994). It is shown that many
analysis and control problems for symmetric composite
systems can be simplified because of their special struc-
ture. Lunze (1986) first proposed the state-space model
of symmetric composite systems and studied some fun-
damental properties of the systems. Sundareshan and
Elbanna (1991) considered the decentralized control of
the systems. Liu (1992) studied the output regulation for
symmetric composite systems. Lam and Yang (1996)
investigated the model reduction problem of such
systems. H,-, H_- and p-optimal control problems
were considered by Hovd and Skogestad (1994) and
Hovd et al. (1997). The centralized and decentralized
control for uncertain symmetric composite systems
were studied by Yang and Zhang (1995) and Bakule
and Rdellar (1996) respectively.
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Sometimes, control systems may result in unsatisfac-
tory performance or even instability in the event of con-
trol component failures. Recently, Veillette e al. (1992)
and Veillette (1995) considered the design of reliable
control systems. The resulting control systems provide
guaranteed stability and satisfy an H_-norm disturb-
ance attenuation bound or given performance bound
not only when all control components are operational,
but also in the case of actuator or sensor outages in the
systems. The outages were restricted to occur within a
pre-selected subset of available measurement or control
inputs. Reliable control using redundant controllers was
studied by Yang et al. (1998). For the reliable control of
symmetric composite systems, Yang et al. (1996) studied
the primary contingency case of a reliable H_, controller
design problem; Huang et al. (1999) considered the
decentralized H_, control problem and the fault toler-
ance of the designed systems.

This paper is concerned with the reliable linear—quad-
ratic (LQ) controller design for symmetric composite
systems. Both centralized and decentralized reliable con-
troller design problems are studied. Several cases of
actuator outages are considered. By using the special
structure of symmetric composite systems and the
results of Veillette (1995), necessary and sufficient con-
ditions for a state feedback controller to be a reliable LQ
controller are given and some simple controller design
methods are presented. The rest of this paper is organ-
ized as follows. In §2 the state-space description of the
system concerned is given and the problem statement is
presented. Some notation and lemmas are given in § 3.
Necessary and sufficient conditions for several kinds of
reliable controller to exist are given and some reliable
controller design methods are presented in §4. In § 5, an
example is given to illustrate the methodology. Finally,
§ 6 concludes the paper.
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2. System description and problem formulation

In this paper, for given matrices Y ,Z € R”*? and posi-
tive integers k,j, we define

Y Z ... Z
zZY .. Z

S(Y,Z k)= € RkP<ka.
zZ Z Y
(S(v,z,1)=7Y),
Y Z z

i zZ Z z

S(Y,Z k.,j) = e R\
zZ Z ... Z

The symmetric composite system under consideration
consists of N subsystems, the ith subsystem is described
by

N
= A+ Y Apxg + B,

k=1 ki
where i=1,2,....N and x;€R" and u; €R"
(i=1,...,N) are the n,m-dimensional state and control

input respectively; 4;, 4, € R™", B; € R"". Then the
overall system is given by

X = Ax + Bu, (1)
where x = (x],... ,x%)T, u=(ui,... ,uﬁ)T and
A= S(AlﬂAlziN) c [RNHXNH,

aBl] c [RNanm'

. (2)
B = diag[By,...
In this paper, we shall consider the reliable LQ reg-
ulator problem (Veillette 1995) for system (1).
Suppose that the quadratic performance index is
given by

J= J (x"Qx +u" Ru) dt,
0

where

Q = dlag[Ql 9o e 7Q1] € [RNVIXNH’

R = diag[R,,...,R,] € RN™Nm

0, € R > 0 is a constant matrix and R, € R™*" > 0
is a diagonal constant matrix. The problem is to design a
reliable LQ state-feedback regulator. The design should
tolerate outages within a subset of actuators, while
maintaining stability and a known quadratic perform-
ance bound. Considering the special structure of sym-
metric composite systems, we suppose that a particular
subset of actuators within each subsystem is prone to

failure, and there may be an upper limit to the number
of subsystems with faulty actuators at the same time.
Both centralized and decentralized reliable controller
design problems are considered.

3. Notation and lemmas

The following notation and lemmas are needed in this

paper.
For a positive integer p, define
me=[1 v vi - v,’zfl]T, k=12,...p,
where v = exp[27(k — 1)j/p], k=12,....p,

G= (—1)1/2), that is v, is a root of the equation v/ = 1.

Lett= (p+1)/2if pis odd, and 7 = p/2 if p is even.
Define ry=m = [1 1 --- II]T, rp/2+1 = mp/z_H lfp is an
even number, r; = (1/2 /2)(m,- FMyin )y Tppai =
(i/2"2)(m; —my5_) (i=2,3,....1). Define

1
Rp:m[rl CREEEE (3)

From the results of Hovd and Skogestad (1994) and
Huang et al (1999), R, is a real orthogonal matrix,
and the following two lemmas hold.

Lemma 1 (Hovd and Skogestad 1994):
p =2, we have

For an integer

R[le'(a,b,p)Rp =diagla+(p—1)b,a—0>,...,a— D]

c [RPXP’
where a and b are two arbitrarily given numbers.

Lemma 2 (Huang et al 1999):
qg =1, we have

For integers p > 1 and

Ry'S(1,1,p,9)R, = S((pg)",0.p,q) € R"*.
In this paper, we further define
T,=R,®1, 4)

where R, is given in (3), [; € R is the identity matrix
and ® denotes the Kronecker product.

From lemmas 1 and 2, we can prove the following two
lemmas.

Lemma 3:  Suppose that | < N — 1 is a positive integer,

M= S(My, M, 1) S(Myy,My,I,N — 1)
S(My My N —11)  S(My, My N —1)
e[RNann’ (5)

where M17M117M27M227M127M21 € [Rnxn. Then there
exists an orthogonal matrix P such that
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-1 N-I-1

A A

PYMP = P 'MP = diag | M,y,M,,... , M, ,M,,... M,

(6)

where
| M+ (- 1)My, (v = D], ]
Ml - b

[[(N = 1)) My My + (N —1—1)M

M, =M, - M, M,=M,— Mpy.

Proof: From lemmas 1 and 2 and from (4), we have

Ty'S(M,, My, Ty,
i -1
,_/%

= dlag Ml +(Z— I)M“,Ml,. .. ,Ml

)

T(]\}fl)nS(M27M22aN DT n_pa
i N-I-1
—_——~

— dlag Mz +<N—Z— l)Mzz,Mz,. .. ,Mz

and
Ty, ' S(Myy, My [N = D) Ty,
= S(UN = D]"*My,,0,1,N —1),
TN -—1uS(Msy , My N — 1.1)T;,
=S([UN = D]"*M,,,0,N = 1,]).
Thus

7! 0 T, 0
—1 M
0 T(Nfl)n 0 T(Nfl)n
-1

. —
dlag Ml +(Z— I)M“,Ml,... ,Ml

S(I(N = D))" My, ,0,N —1,1)

SN = 1)) Myy,0,1,N — 1)
N—I-1

—_—

dlag Mz +(N—Z— I)Mzz,Mz,... ,Mz

Since

T, 0
0 Tin_pn

is an orthogonal matrix, there exists an orthogonal
matrix P such that (6) holds. O

Lemma 4:  Suppose that | < N — 1 is a positive integer,
M € RYM has the structure (5) and symmetric matrices
E and F have the structures

! N-I

E = diag |E,,... ,E| ,E,,... E,| € RN>Nn, (7)
_ S(Fy,Fyy,1) S(Fiy,Fia,[,N — 1)
S(FigaFlgaN_lal) S<F27F227N_1)

6[RNann (8)

where E| Ey, F| ,Fy| ,Fy,Fy Fi, € R™". If the algebraic
Riccati equation

M'X +XM — XEX +F =0 9)
has a unique solution X , then X has the same structure as
M, that is

P S(Xy,Xy,,0) S(X1p,X12,0,N —1)
S(Xy1, Xy ,N —1,1)  S(X3, X, N —1)
c [RNann’ (10)

where X1,X, X1, X2, X12,X5 € R™". Moreover, X can
be calculated by

X, = X +(1-1)X X, = Xii
! ’ [[(N — D]
X = X5, (11)
¥ X - x, X2+ (N-1-1)X,
1= i 5 2= N 7 5
X2 - X
Xzzz—lg,_lz, (12)

where Xy, X, and X, are the unique solutions of the alge-
braic Riccati equations

Mo Xig + XjoMyy — Xy diag [Ey, Ex) X+ Fjo =0, (13)
M{X,+X,M, - X\E, X, +F, =0, (14
My Xy + XM, — X,E, X, +F, =0, (15)
respectively, and
. l R
(Xi)" Xig

Fi+(1-1)Fy

(N = D] Fy
(N =D]"Fly Fy+(N—1-1)Fy |
Fy=F —-F,, F=F —Fp

Fip=

Proof: Suppose that
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[ X X, Xy
Xy Xy Xy
Y= AX11 AXIZ AXll
X X2 Xy
Xoon Xgson X2y
L X Xy Xy

where )2,]- e R™"(1 <i,j < N). In order to prove that X
has the structure of (10), it is sufficient to show that

Xig=Xn, Xy =Xy, Xy =Xp, Xy =Xy,
Xi’j: N1s X,’j’_XN(IH)a
vi<i, j<I, I+1<i, j <N,
iti QA
(17)
For 2 <i < I, define
_ l_ }
0 I,
,1 0 0
: 0
0 1,
Hi: In O
0 I, 0
0 ... I,
N ——
L N—i J

Then H' = H'= H,, HLMH,= M, H,EH, = E, and
H,FH; = F. Hence
0=M"X+XM — XEX +F
=H,(M"X +XM — XEX + F)H,
= H.M"H,H,XH, + H,XH,H,MH,
— H,XH;H,EH;H,XH; + H,FH,
= M"(H.XH,) + (HXH))M
— (H;,XH)E(H,XH,) +F.

S. Huang et al.

b 1(+1) X (1+2) Xy

X141 Xs(142) Xon

X, 1(1+1) X, 1(1+2) Xiy
Xoya+y  Xasy+2) Xgnn ’
Xoyu+)  Xus2)i+2) XN

XN(H—I) XN(H—Z) XNN d

The above equation shows that H;XH; is also a sol-
ution of (9). Since the solution of (9) is unique, we have

X = H,.XH,
(X Xp Xiy Xy Xy |
Xy Xy Xy Xy Xon
X Xp X Xy Xy
Xy Xn X Xy Xy
L Xy X2 Xy Xy Xyw |
This implies that
Xy =X, Xu = Xy, Xij:lea in: 15
V2<j<N, j#i (2<i<]) (18)
Similarly, for / +1 < i < N — 1, define
o 0 -
: 0
0 ... I,
N —
i1
_ N—i'+1
G; = .
0o 0 ... 0 1,
0 I, 0 0
0 :
0 0 I,
L Iﬂ O O _
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Then we can obtain
0=M" (G, XG,)+ (G, XG )M
- (G, XG,)E(G,XG,;) +F

and X = G/ XGy, hence
(= Ky X=Xy

Xy = Xywy Xy

VISj<N-1, j#i

(19)
From (18) and (19), (17) is obtained. Hence X has the
structure of (10).
Moreover, define
X+ (= 1DXy (N = 1)]'7x,
X = i , (20
[[(N=D]'"Xy Xy +(N—1-1)Xp

X=X -Xy, 5=X-X, (21)
From lemma 3, we have

P'xp=pP'xp

i -1 N—I-1
pm—N———

:dlag XlOaXla"' 7X17X27"' 7X2 )

P'EP=P'EP

r -1 N—I-1
=diag |E\,Ey E,... ,E\,E;,... B, |,
P'FP= P 'FP
i = N—I-1

pm—— ——

=d1ag F](),Fl,... ,Fl,Fz,... ,Fz .

Since the Riccati equation (9) is equivalent to
PY(M'X + XM — XEX +F)P =0,
that is,
(P*MP)"(PTXP) + (P"XP)(PTMP)
— (P"XP)(PTEP)(P"XP) + PTFP =0,

from (6) and (22), it is equivalent to the three Riccati
equations (13)—(15). Equations (11) and (12) can be
easily obtained from (16), (20) and (21). The proof is
completed. O

Remark: Lemma 4 shows that for the matrices M, E
and F with the structures (5), (7) and (8) respectively, the
solution X of the corresponding algebraic Riccati equa-
tion has the same structure as M. This result is
obviously true for the case of Lyapunov equation. So

Lemma 4 is the generalization of theorems 1 and 2 of
Sundareshan and Elbanna (1991). O

4. Reliable controller design

In this section, we consider the reliable LQ controller
design problem for system (1). We suppose that there is
an upper limit to the number of subsystems with faulty
actuators. We use /; to denote this number. In §4.1, the
centralized reliable LQ controller design problem is dis-
cussed. In §4.2, the decentralized reliable LQ controller
design problem is considered.

In the following, we define

A=A, —Ap, A=A +(N-1)A4),,

A +(=1Ay [N =D)4,

[[(N=1)]"4y Ay +(N—1-1)4yp |
I</I<N-1.

10—

4.1. Centralized reliable controller design

In this section, we consider the problem to design a
centralized state feedback controller

u= Kx (K € RN™Nn

for system (1) such that the closed-loop system main-
tains stability and a known quadratic performance
bound when outages occur within actuators of any
I < [, subsystems. Because, in system (1), all the subsys-
tems are identical, and all the interconnections between
the subsystems are also identical, it is easy to see that the
gain matrix K should have the following structure:

K = S<K1 7K27N) e mNnIXNn? (23)

where K, ,K, € R"™".

We first consider a special case. Suppose the fact that
actuator outages occur in a subsystem means that all the
actuators in the subsystem fail simultaneously. The fol-
lowing theorem gives a necessary and sufficient con-
dition for a controller of the form (23) to be the
required reliable controller.

Theorem 1: Suppose that the performance bound is J,,
the initial state of the system is x,, then the controller of
the form (23) is a reliable controller which can tolerate I
(1 <1y < N —1) subsystems faults if and only if K| and
K, satisfy the following two conditions.

N-1

(P1) x; Ty,diag | Wix, Wig,..., W | Tanxo < Jo,

(24)



78 S. Huang et al.

where T, is defined in (4), and W and W are
the unique positive definite solutions of the
Lyapunov equations

Ax W + WA + 0,
+ (K —K) "Ry (K —K;) =0 (25)

and

Al Wik + Wig A + 01 +[Ky + (N = DKy
x Ri[K; +(N - 1)K,] =0 (26)
respectively, where
A = A, +B (K - Ky),
A = A4, +Bi[K + (N - 1)K,
(P2) For1<I<y

-1
X()Pdlag WIOKJW.Ya"'aWsa

N—-I-1
e N—
Wk, Wi | P79 <y, (27)

where P is the orthogonal matrix in lemma 3, W

is the solution of (25), and Wyg and W are the

unique positive definite solutions of the Lyapunov
equations

Alox Wiok + Wik Ak +diag[Qy, Q1]

>11 >12

Ko Kp

B KF

] =0 (28)

and
ATW 4+ WA, +0,=0 (29)
respectively, where

Ak = Ap

0 0
" [U(N ~]"?B,K, B[K +(N—1- I)Kz]] ’
<o =1(N =K Ry K>,
iy =[N = D]'PRIR, (K, + (N 1 - 1)Ky,
Kig =[K{ + (N —1-1)K]]
x R[K, + (N —1-1)K;].

Proof: From lemma 1 and the special structure of 4,B
and K, when no actuator outage occurs, the closed-loop
system 1is stable if and only if 4, and A4, are stable.

This is equivalent to when the Lyapunov equations (25)
and (26) have unique positive definite solutions.
When no actuator outage occurs, the performance
index is
J= xOT Wxy,

where

W= Jm exp {(4 +BK)"t}[Q + K" RK]
0

x exp{(4 + BK)1} dt

and W can be computed by solving the Lyapunov equa-
tion

(A+BRK)"W +W(4+BK)+0+K"RK =0.
From theorem 2 of Sundareshan and Elbanna (1991),

N-1
_ . /_/_
Ty WTy, = diag | Wy Wek,... . W |,

where W and W, are the solutions of (25) and (26)
respectively. Hence J < J; if and only if (24) holds.

From lemma 3, when the actuators of / subsystems
outages occur, the resultant closed-loop system is stable
if and only if A g, A,k and A4, are stable. This is equiva-
lent to when the Lyapunov equations (25), (28) and (29)
have unique positive definite solutions. (When / = 1, the
resultant closed-loop system is stable if and only if 4
and A,y are stable.)

When the actuators of / subsystems outages occur, the
performance index is

J = xo Wixo,
where W, can be computed by solving the Lyapunov
equation
(A +BN,K)" W, + W,(A + BN,K)

+0Q+K'NJRNK =0,
where

! N-I

. N ——
N, =diag|0,...,0,1,....I]|.

From lemma 4,
-1 N—i-1

A

P'W,P = diag | Wig , W,,... , W, Wig,... W

where Wiy, W, and W are the solutions of (28), (29)
and (25) respectively. Hence J < J,, if and only if (27)
holds. The proof is completed. O

Remark 2: Although theorem 1 gives a necessary and
sufficient condition for a controller of the form (23) to



Reliable LQ control for symmetric composite systems 79

be a reliable controller. There is still no systematic
method to choose K; and K, such that the conditions
(P1) and (P2) hold. However, we suggest using the fol-
lowing method to choose K, and K,.

Suppose that Q contains the actuators of the first /,
subsystems. Use the results of Veillete (1995) to con-
struct a reliable LQ controller which can tolerate
outages of actuators in Q. From lemma 4, the reliable
LQ state-feedback gain matrix K should have the form

S(Ky, Ky ,1)
S(K>1, Ky, N — 1y, )

S(Kyy,Ky3,ly,N — L)
S(Ky,Kxn,N — 1)

K:

)

(30)

where K17K117K127K217K27K22 c [Rmxn. Since Kz and
K5, play key roles in the reliable controller (30), we
suggest choosing

K =K,, K,=Kp,

to construct a controller of the form (23), and then using
theorem 1 to verify its fault tolerance. O

Above, we have considered the special case that the
fact that actuator outages occur in / subsystems means
that all the actuators of / subsystems fail simultaneously.
Now we consider a more general case. Suppose that
m > 1, decompose the control inputs u; as

Uj .
.= =1,...,N
K [“iz] ( ),

where u; € R™ denotes the subset of actuators in the
ith subsystem which are prone to failure, and u; € R™
(my +my = m) denotes the subset of actuators in the ith
subsystem which are not prone to failure. Furthermore,
the fact that actuator outages occur in the ith subsystem
means that the actuators in u;; fail.

The matrices B;,K; and K, are partitioned confor-
mally with u;; and u;, as

By = [By,B],
Ky
K
R, = diag[Ry,Ry,].

1=

The following theorem can be proved using a similar
method to that of theorem 1.

Theorem 2: Suppose that the performance bound is J,
and the initial state of the system is x,, then the controller
of the form (23) is a reliable controller which can tolerate
Iy (1 < Iy < N) subsystems faults in u; if and only if K,
and K, satisfy condition (P1) and the following condition.

(PP2) For 1 <1<,

-1 N—I-1
e N S—
Tp 1 z
X()P dlag WIOKJ WSKJ e WSKJ WSKJ ) WSK

P'xy < Jy,

where P is the orthogonal matrix in lemma 3,
W is the solution of (25) and Wy and W
are the unique positive definite solutions of the
Lyapunov equations

Afox Wik + Wik Ak +diag[0,,0,]

Ky K}oz] —0
(Kig)" Kit
and
Afg Wig + Wi A + 0
+ (K = KD) R (Kjy = Ky) =0

respectively, where
A = A, + B (K — Ky),
Ak = Ao
Bp[Kyp + (1= 1)Ky
(N =1)]'"B,K,
1N =] By Koy
B[k, +(N —1 - 1)K)]
Kig =I(N - K3 R\ K,
+[Ki 4 (1 = DR R [Kpy + (1 = 1)K,
Kii = [I(N = D] PRIR[K) + (N — 1 = DK
HIN = DR + (1~ DEBIR Koo,
K =K +(N -1 - 1)KJ]
x Ri[K| + (N —1 - 1)K;]
+I(N — )KL R, Ky, .

When [, = N, we use Q, to denote all the actuators in
uy (i=1,...,N). The designed controller should tol-
erate all the actuator outages within Q,. For this par-
ticular problem, using the special structure of system (1)
and the results of Veillette (1995), we can obtain the
following theorem.

Theorem 3:  Suppose that X, and X, are the unique posi-
tive definite solutions of algebraic Riccati equations

A;FXS +XSAS - XSB12R1721B”1F2X5 + Ql =0 (31)



80 S. Huang et al.

and
AtTXt +XIAI - XtBl2Rf218T2Xt + Ql =0 (32)

respectively, then the reliable state-feedback gain matrix
K can be constructed by (23) where

> _  R{'BI[X, +(N-1X|

Kl = )

N
. _ _RIBI(X, —X)
I .

In this case, the state-feedback system remains stable and
satisfies the performance bound J < xtXx, even if

actuator outages occur within Q,, where x, is the initial
state of the system, and

X = S(X+(N )X,X’]_VXS,N) (33)

Proof: From the results of Veillette (1995), the reliable
state-feedback gain matrix K can be constructed from

K=-R'B'X,
where X is the solution of the algebraic Riccati equa-
tions
A"X +X4-XB R 'B"X+0=0,
QU 0 QU
where Q(; denotes the subset of actuators in
up (i=1,...,N). From theorem 1 of Sundareshan and
Elbanna (1991), X has the structure (33), where X, and
X, are the solutions of (31) and (32) respectively. The
proof is completed. O

4.2. Decentralized reliable controller design

When a decentralized reliable controller is considered,
the gain matrix of the controller should have the form

K = diag[K,,... K] € RV, (34)

In this case, theorem 1 is simplified to the following
corollary.

Corollary 1: Suppose that the performance bound is J,,
the initial state of the system is x,, then the controller of
the form (34) is a reliable controller which can tolerate I
subsystems faults if and only if K, satisfies the following
conditions.

(pD

N-1
——

T . T -1
X0 TNndlag WtKa WsKa' ) WSK TNn Xo < JO?

where Wy and W are the solutions of the
Lyapunov equations

WtK + WIK<AI +BIK1)

+0,+KIRK, =0

(At +Bll€1)T

and
I/IA/SK + WSK(AS +Bll€l)

+ 0, +KI R K =0 (35)

(As +Blkl)T

respectively.
(p2) Forl<i<l,

-1 N—-I-1

T “ —_—
X()Pdlag WIOK7W57"'7W57WSK7"'7WSK
P xo < Uy,

where WS  Is the solution of (35), W is the solution
of (29), and Wy is the unique solution of the
Lyapunov equation

Ao Wiok + Wik Ak +diag [0;,01]
+diag[0,KTR,K,] =0
where
Apg = Apy +diag[0, B K.

Similarly, if we decompose I%l conformally with u; as

K = lKn ]
Ky
then theorem 2 becomes the following corollary.

Corollary 2:  Suppose that the performance bound is J,
and the initial state of the system is x,, then the controller
of the form (34) is a reliable controller which can tolerate
Iy (1 <1y < N) subsystems faults in u;; if and only if K,
satisfies condition (pl) and the following condition.

(pp2) For 1 <1<,

-1 N-I-1

xo Pdiag | Wik, Wk, .. . Wk, Wk, . Wi

P x() JOa

where P is the orthogonal matrix in lemma 3, WsK
is the solution of (35) and W,OK and WsK are the
unique positive definite solutions of the Lyapunov
equations

Ajox Wik + Wigx Apg +diag[0;, 0]
+dlag [I%Elelzikirlel] = 0

and
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(A, + B Kp) " Wig + Wik (4, + BpoKo»)
+0, +KLHR K, =0
respectively, where

Apg = Ay +diag [B, Ky, B K.

Remark 3: From the above corollaries, the decentra-
lized reliable LQ controller design problem can be trans-
formed to a quadratic matrix inequality (QMI) problem.
For example, from corollary 1, a decentralized reliable
LQ controller of the form (34) exists if there exist posi-
tive definite matrices W,x, W, Wiok , W, and matrix K
satisfy the following matrix inequalities:

N-1
——

xOTTNndiag[WtKa WSK PRI WSK] Tﬁ;ixo < JO

-1 N—-I-1
~ e | P
T : -1
X()Pdlag WIOK7W57"'7W57WSK7"'7WSK P X()<J0,

(As +B11€1)TWSK + WSK(AS +Bll€l)
+0, +KIRK, <0,

(At +BIK1)TWtK + WtK(At +BIK1)
+0, +K[RK, <0,

Ajox Wik + WiggApx +diag[0;, 0]
+diag[0,KTR,K;] <0, [=1,... ],

ATW, + W4, 4+ 0, <0.

This problem becomes a simultaneous LQ control prob-
lem and may be solved by an iterative linear matrix
inequality (LMI) approach (Lam and Cao 1999). O

Remark 4: It should be noted that the symmetry struc-
ture of the controllers (23) and (34) stems from the
symmetry structure of symmetric composite systems
and are used to retain the structural properties of the
systems. O

5. Example

Consider a symmetric composite system given by (1) and
(2). Suppose that N =5, m=n=2 and

y -2 1 y 0 1
1 o 3l T o

01Q 10
1 ol” <" oo

Computing directly, we have
spec (4,) = {2,-7} ¢ C™.

Hence the open-loop system is unstable.

Now we design reliable LQ controllers for the above
system. We first suppose that [, = 2 and J, = 200, using
the design procedure suggested in remark 2 to construct
the centralized reliable controller and obtain

B1:

u=S8(K,,K»,5)x, (36)
where
~0.6593  —0.8322
- l—o.8935 —0.6593]’
~0.6892  —0.6701
2o l—o.6443 —0.6892]'

Assume the initial state x,= (1,1,1,1,1,1,1,1,1,1)",
when no actuator outage occurs, the performance
index is J = 49.6379. The performance indices of several
kinds of actuator outages are given in table 1. Table 1
shows that the closed-loop system remains stable and
satisfies the performance index bound J, in spite of the
outages of actuators in three subsystems. The system
becomes unstable when the outages of actuators in
four subsystems occurred. Thus controller (36) is a re-
liable LQ controller as required.

When a decentralized controller is considered, we use
the method in remark 3 for its construction. Using an
iterative LMI method to solve the QMIs in remark 3, we
obtain

. [ —6.7185  —20.6403
P71 2232024 —6.5984 |
Hence the controller
u=diag[K,,... K]x (37)

is a decentralized reliable LQ controller as required. The
performance indices of several kinds of actuator outages
are given in table 2.

Now we define u; = [ u;;,up| (i=1,...,5u;,uy €R)
and suppose that the u;; are prone to failure. When

Table 1. Performance indices under controller (36).

Outages of u; 0 1 2 3 4 5

J 49.6379  56.0805 71.1771 148.3108 (Unstable) (Unstable)
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Table 2. Performance indices under controller (37).

Outages of u; 0 1 2 3 4 5

J 1542899 131.2265 119.9903 (Unstable) (Unstable) (Unstable)

Table 3. Performance indices under controller (38).

Outages of u;; 0 1 2 3 4 5

J 55.3757 57.6240 60.6478 64.9344  71.4902  82.7859

Iy = N =5, theorem 3 is used to obtain the reliable con-
troller

u=S(K,,K,,5)x, (38)
where

—-0.7954 —-0.9731

Klz 3
~1.0303 —0.7954
 [-08271 —0.8066
| —0.7801 —0.8271

Assume the same initial state x, as before, the state-
feedback system remains stable and satisfies the per-
formance bound J < 82.7859 despite the outages of
any u;. The performance indices of several kinds of
actuator outage are given in table 3.

6. Conclusion

In this paper, we first proved that the solution of a
special class of Riccati equations can be constructed
by the solutions of three much-lower-order Riccati
equations. As an application of this result, we gave
some simple methods to design the reliable LQ state
feedback regulator for symmetric composite systems.
The designed regulator has the property that guaranteed
the stability and the performance bound of the closed-
loop system despite the fact that actuator outages occur.
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