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Abstract—This paper presents novel analysis results for theory, such ag.,-gain analysis and nonlineaf
input-to-state stability (ISS) that utilise dynamic pro-  theory (see [5] and references defined therein), as well

gramming techniques to characterise minimal ISS gains i At
and transient bounds. These characterisations naturally ?Ssereefg]nt;g]?e\mbpecj optimization based methods

lead to computable necessary and sufficient conditions
for ISS. Our results make a connection between ISS and

SO ) : e The paper is organised as follows. In Section Il
optimisation problems in nonlinear dissipative systems - -
theory (including Ls-gain analysis and nonlinear H., W€ present several equivalent definitions of the ISS

theory). property and state a result from the literature that

motivates our definitions and results. A fundamental
. INTRODUCTION dynamic programming equation that we need to state

our main results is given in Section Ill. Section IV

Among the many stability properties for systems withcontains results on minimum nonlinear gains for differ-

disturbances that have been proposed in the literaturgnt equivalent definitions of the ISS property. Several

the input-to-state stability (ISS) property proposed byllustrative examples are presented in Section V and

Sontag in 1989 [13] deserves special attention. Indeethe paper is closed with conclusions in Section VI.

ISS is fully compatible with Lyapunov stability theory All the proofs are omitted due to the space limitation.

[15] while its other equivalent characterizations relate=or a full version of this paper please refer to [7].

it to robust stability, dissipativity and input-output

stability theory [14], [16], [19]. The ISS property II. PRELIMINARIES

has found its main application in the ISS small gain

theorem that was first proved by Jiang, Teel and Pral§ets of real numbers, integers and nonnegative integers

in [10]. Several different versions of the ISS small gairre denoted respectively &, Z andZ . A function

theorem that use different (equivalent) characterizay : [0,00) — [0, 00) is of classK if it is nondecreas-

tions of the ISS property and their various applicationéng, satisfiesy(0) = 0 and is right continuous a.

to nonlinear controller design can be found in [11]A function 3 : [0,00) x [0,00) — [0,00) is of class

[12], [20] and references defined therein. KCL if for each fixedt > 0, 3(-,t) is of classk and

The 1SS d the 1SS I oain th for each fixeds > 0, lim;— 1, 3(s,t) = 0. Denote
e property and the small gain theorems  _ (w:Z, — R™: |uflw = sup |ug| < oo}

naturally lead to the concept of nonlinear disturbance”™ kEZy
gain functions or simply “nonlinear gains”. In this where|-| is the Euclidean norm.
context, obtaining sharp estimates for the nonlinea(r:
gains is an important issue. Indeed, the better the
nonlinear gain estimate that we can obtain, the larger Tpt1 = [Tk, ug) (1)
the class of systems to which the ISS small gain results " m " "
can be applied. Currently, the main tool for estimating’€"6% € R",u; € R™, andf: R"xR™ — R 'S
the nonlinear gains are the so called ISS Lyapunoﬂ:/om'num_’S and satisfig§0, 0) = 0. For anyz € R
functions that typically produce rather conservativéand any mpu.tzf, we denote b3¢(~,:po, u) the solution
estimates (over bounds) for the 1SS nonlinear gains Of (1) With initial statez, and inputu.

onsider the following dynamical system

he following definitions are taken from ISS related

It is the main purpose of this paper to present severi} | h in 181 that th definiti ;
results that provide a computational framework base erature. t\{va§ shown I [8] that these de mmons 0
ISS are qualitatively equivalent. However, the gains in

on dynamic programming for obtaininginimum ISS
y brog g 9 different definitions are not the same and since we are

nonlinear gains These results are related to optimiza-, 4in mini disturb ins for diff
tion based methods in nonlinear dissipative systerﬂ%ereste | In minimum |st_ur ance gains for di grent
characterizations, we find it useful to introduce differ-

*This work was supported by the Australian Research Council.ent notation for each of the different characterizations.
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In all the definitions below we assume that K and The following theorem has been proved in the context
BeKL. of function classes and K£ for continuous-time
systems in [16] and for discrete-time systems in [4],
[8]. However, this result remains valid for function
classesC and CL.

[z (k, 2o, )| < B(lzol , k) +([lufloo) () Theorem 2.8:The following statements are equiva-

Definition 2.1: (Input-to-state stability with+ formu-
lation) System (1) is ISS (with (3,7)) if

forall zo e R", all u € I, and allk € Z,. lent:
Definition 2.2: (Asymptotic gain property) System (1) 1) There existfac € KL andy4c € K such that
is AG (with gain~) if for all 2o € R" and allu € I, the system (1) is IS&: with (84c.vac);
_ 2) There exist3, € KL andvy,; € K such that the
limsup |z (k, 2o, u)| < y(||ulloo)- 3) system (1) is IS$ with (34, v4);
k—+o00 . = 5 =
o . ) - 3) There existBnax € KL andymax € K such that
Definition 2.3: (Zgro global a}symptotlc stability prop- the system (1) is 1SSu With (Bmax, Ymax)-
erty) System (1) i9-GAS (with ) if the state trajec- ]
tories withu = 0 satisfy In the sequel we use the non-standard notation from
Theorem 2.8 since it is important to distinguish be-
|2(k, x0,0)| < B(|zo| , k). (4)  tween different characterizations and the related func-

tions. Indeed, the functionSaq, 84, Bmax (respec-
tively functionsyag, v+, Ymax) in the above theorem
Definition 2.4: (Input-to-state stability with asymp- are all different in general. Note that although notation
totic gain formulation) The system (1) is I8 (with 3¢ characterizing-GAS seems counterintuitive, it is
(8,~)) if itis AG (with gain ~) and0-GAS (with 5).  consistent with the definition of 1SG; in Definition
2.4.

for all zo € R™ and allk € Z,..

Remark 2.5:The above definition is motivated by the
result proved in [16] which shows for continuous-Remark 2.9:We note that each of the properties
time systems thafSS; < AG + 0-GAS. A similar  1SS4¢, ISS; and ISS,.x has been used in the lit-
result for discrete-time systems was proved in [4]erature. In particular, there exist small gain theorems
[8]. This result is restated below in Theorem 2.8 forthat use each of these different characterizations (see,
convenience. for instance, [9], [10], [11], [12], [20]). Computing the
- ) . . smallest possible functions, v (or their estimates) in
Definition 2.6: (Input-to-state stability withnax for- o ot thee properties is an important problem for the
mulation) System (1) is 1S5 (with (5,7)) if following reasons: (i) the smaller the estimates of gains
lz(k, 20, u)| < max{B(|zo|, k), v(|[u]le)} (5) functions, the larger the class of systems to which the
small gain theorem can be applied; (ii) better estimates
forall zo € R", all u € I and allk € Z.. of the functions 3,y for subsystems produce (via

Remark 2.7:It is more common in the literature to use the small gain theorems) sharper bounds on solutions
the classe«C and KL of functions when defining ISS of the composite system; (iii) the smallest functions
and related properties. A function: [0, 00) — [0, ) will be different in general for each of the properties
is of classk if it is continuous, strictly increasing and 1SSac, 1SS, and 1SS« (this further motivates our
~(0) = 0. A continuous functions : [0, c0)x [0, c0) — notation). In the sequel, we provide a framework for
[0, 00) is of classkC£ if for each fixedt > 0, 3(-,¢)is ~ the computation of minimum function$ic, 5+, fmax

of classK and for each fixeds > 0 3(s,-) decreases @Nd74G,7+;7max Via dynamic programming.

to zero.
1. DYNAMIC PROGRAMMING

It is not hard to see that the stability definitions that _ _ _ _ _

we use are qualitatively equivalent to the stabilityln this section we define a value function that is used
definitions when the classes of functioiand/CL are  in the derivation of our subsequent results, and present
replaced respectively b andC£. This follows from @ dynamic programming equation to compute it.

the fpllowing three facts: (i)C - KandKL C KL, Eorace R, § > 0, integerk € Z.., denote

(ii) given any~ € K, there existsy; € K such that 5

v(s) < 1 (s),Vs > 0; (iii) given any 8 € KL, there V(. k)= Sup_ {lz(k, o, u)| : 2o =} . (6)
exists 3; € KL such that3(s, k) < Bi(s,k),Vs > . lelleo <o _ _

0,vk € Z,. Consequently, most results that wereThe Dynamic Programming Equation (DPE) for
proved in the literature for classes of functiokisand VO(x,k) is

KL are still true when stated with function classés VO(z, k) = sup VO(f(z,u),k—1) @)
and L. [u| <6
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with the initial condition
VO(x,0) = |a]. (®)

In the next section, we show how?(x,k) can be

used to compute the functioris v needed in different

characterizations of ISS.

IV. NECESSARY AND SUFFICIENT
CONDITIONS FOR 1SS, ISS;, AND ISS, .«

B. Minimal 5, for fixed ~,

For v, € K, we define

B+ (6, s, k) := max { sup VO (x, k) — 'y+(5),0}
jol<s
and

Bat (s, k) :=sup 57 (4, s, k).
6>0

(13)

The main results of this section are necessary antheorem 4.5:For fixed~y, € K, if there exists3, €

sufficient conditions for ISgq, I1SS,, and 1SS.x.

KL such that system (1) is 1ISSwith (3., v, ), then

The results do not require a Lyapunov function bu3)* € ££ and

rather use the value functiori®(z, k) to generate the
gain functions directly. More importantly, we show ()% (s, k) < 34(s, k),

Vs>0,keZ, . (14)

that the computed functions are minimal. This type . )
of results is not possible to obtain via LyapunovConversely, if.™ € KL, then the system (1) is 1SS

. . ! . o i 2
techniques since they involve a certain conservatisiith (8™, 7+)-

in estimating the gains.

Using V4 (x, k) we introduce

V2(x) = limsup V°(z, k), 9
k—+o00
Yoo (8) 1= sup V() (10)
zeR™
and
Va(0) 1= max{yo (6),5up V°(0,k)}.  (11)
k>0
Denote
Bals, k) := sup VO(z, k) . (12)

lz[<s

Lemma 4.1:1f the system (1) is ISS with (34,7+),
then~, € K, 8, € KL and

Ya(0) < 74+(6),  V6>0
Ba(s, k) < By(s, k), Vs > 0,Vk € Z,.

Lemma 4.2:If the system (1) 7is ISS.x  With
(5maxa7max)a then’Ya S ’C,ﬂa € ’CE and

Ya(0) < V6 >0
Ba(s, k) < Vs >0,Vke€Z, .

’ymax((s)a
ﬁmax(sa k)a

A. Minimal 546 and minimal y4¢

Theorem 4.3:If the system (1) is 1SSz with
(Bac,vac) thenvys, € K, B, € KL and

Vs >0
Vs >0,Vk e Z, .

Yoo(8) < vaa(s),
/Ba(s7k) S 5AG(87k)>
If, on the other handy,, € K andf, € KL, then the
system (1) is IS¢ with (B4, Yoo )-

Remark 4.4:System (1) is AG if and only ify.. € K;
System (1) i90-GAS if and only if 5, € KL.

C. Minimal ~, for fixed 5
For 8, € KL, define

¥5+(6) := sup sup max {V°(z, k) — By (|z|, k),0} .

zeR™ keZ
(15)

Theorem 4.6:For fixed3, € KL, if there existsy, €
K such that system (1) is 1ISSwith (5;,~4), then
v+ € K and

Y2+ (8) < v4(9),

Conversely, if75+ € K, then system (1) is ISSwith
(Basva*).

V6>0. (16)

D. Minimal S,ax for fixed vpax

FOr Ymax € K, we define

B’Ylﬂ‘dx (6’ 57 k)

sup V‘s(x,k) if sup V‘S(x,k') > Ymax(0),
lz|<s |z <s
“)o if sup V(z,k) < Ymax(9).

lz|<s

and

Bamex(s, k) := sup §7m(8, 5, k).
§>0

17

Theorem 4.7:For a fixedyyax € IC, if there exists
Bmax € KL such that the system (1) is 188 with
(Bmax; Ymax), thengY=== € KL and

Blmex (5, k) < Brmax (5, k),

Conversely, if3ymex e KL, then the system is 1SS
with (87, Ymax)-

VSZO,]CEZ+
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E. Minimal . for fixed Bnax

For Bmax € KL, define

;)‘//Hrnax(57 57 k:)
sup V(S(:L',If) if sup V‘;(x, k) > Bmax(s, k),

_ ) lalss lel<s
0 if sup Vé(x:k) < ﬂmax(s’k)' ol
lz]<s
and
imex (8) i=sup sup APmex(8,s, k). (18) ¥
s>0 keZ

Theorem 4.8:For a fixedSy.x € KL, if there exists

Ymax € K such that the system (1) is I§S. with i
(Bmax> Ymax) fOr SOMEYmax € K, then jfmex € K
and
,S/gmax (8) < Ymax(9), v > 0. % 5 1 15
Conversely, ify?max € K, then the system is 1SS« Fig. 1. ~eo(s) obtained by dynamic programming

with (ﬁmax, '?amax )

Remark 4.9:It is possible to analyse several other ISS
like properties using similar techniques. For exampleg(19) can not be ISS for ., and any3(s, k) € KL!
input-to-output stability (I0S) and incremental input-The reason is that it is impossible to findsés, k) €
to-state stability £-1SS) that were respectively con- KL such that3(s, k) > (1 — 36)*s forall 1 > § > 0.
sidered in [17], [18] and [1]. See [7] for details. In another word, this example shows that is not a
good candidate of;.
V. EXAMPLES

_ _ _ B. Example 2: A class of scalar linear systems
In this section, we present three examples to which the

results of Sections Il and IV are applied. Consider the class of scalar linear systems given by

A. Example 1: ISS system with no continuous min- Tpt1 = axy + bug, (20)

imal asymptotic gain where0 < a < 1 andb > 0. By direct calculation,

RS 5
Consider one dimensional system DPE (7) and initialisation (8) fo/° imply that for

) ) anyk >0,
Th1 = 5Tk + 5 a(|uk|)ed(|zr]) (19) —ak
A 2 Vo(x,k) = a|z| + (11 ? )bé. (21)
where a(s) = 0 for s € [0,9],a(s) = 1 for s > -4

10 and a(s) is linear on[9,10]; ¢(s) = 1 for s € 1SSs¢ property: Applying definitions (9), (10), and
[0,20],4(s) = 0 for s > 21 and ¢(s) is linear on (12) of respectively? (x), 70 (5) and 3, (s, k),
20, 21].

b
5 — i g —
By computation, we have Va(z) = h,?f;ipv (2,k) = <1 _ a) %
Yoo(s) < 21, Vs>0. §) = sup VO :< b )(5
Yoo(8) = 0, Vs €[0,10). 7oe(9) zzu£rL @ (@) 1—a) "’
Yoo (10) = 20. Bals, k) = sup VO(z, k) = sa”.

. . . o |z|<s
i.e. 70 (s) has a jump point a¢ = 10; it is not a con-

tinuous function. They,, calculated by the dynamic Sincev,, € K and 3, € KL, Theorem 4.3 implies
programming method in Section IV is given by Figurethat system (20) is 1IS&; with (54, Yoo )-

1. Since we can only calculate the values on finit i . -
points, it looks like that the function is continuous from‘w' Applying definition (11) ofya(d),

Figure 1 (drew by MATLAB). But the jump at point s

s =10 is clear. Ya(d) = max {%0(6), 2213‘/ (0, k‘)} (22)
Remark 5.1:System (19) is IS$ for 3(s,k) = s5r _ /b B

and anyk-function withy(9) > 21. However, system = max4%eo(0): (7 )0 = Yee(d):
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(i) Minimal g, for fixed ~,: Using~, as a candidate
(fixed) gain in testing IS$ (i.e. v+ = 7,), we obtain
the minimal 1SS transient bound for gain,,

B+ (s, k) = sup 87+ (4, s,k) sa® = B,(s, k),
§>0
Theorem 4.5 then implies that system (20) is ISS

with (8a7,~+), wherey, = 5, and 8,7 is the
minimal corresponding transient bound.

(i) Minimal -, for fixed 3: Using g, as a candidate
(fixed) transient bound in testing 1S5i.e. 5+ = (,),
we have
Bigy — (D _

80 = (122 )8 = 1),
Theorem 4.6 implies that system (20) is ISSvith
(BJF,%@*), where 3, = 3, and 75* is the minimal
corresponding gain.

ISSax property:

(i) Minimal Gax for fixed ymax: Using v, as a
candidate (fixed) gain in testing 1SS (i-€. Ymax =
Ya), We have

Bam(s, k) = s,
which is not of classCL. Hence, the gainy, is too

small to be a gain candidate for computing the minimal
transient bound. To illustrate this point further, suppose

a slightly larger candidate gain is chosen, namely

’YInaX(é) = (1 +€)’7a(6)
wheree > 0 is fixed and small, then

s 1+¢ k 1+e¢
fietsib) = (s ) st = (G55 s,

which is of classKCL for any ¢ > 0. Hence, by The-
orem 4.7, system (20) is 1S3« With (8™ Yax),
Ymax = (1 + 5)’7(1-

(“) Minimal “Ymax for fixed 5max: USing ﬁa as a
candidate (fixed) transient bound in testing lgS(i.e.
Bmax - Bu,), we obtain

(6) > sups
s>0

gnes (23)

o,

for all 6 > 0, which is clearly not of classC. As

15 T T T T T
~ Gainy,(9)
— = Upper bound 2°

Gainy_(3)

Fig. 2. 7vs0(9) for system (24).

C. Example 3: A scalar nonlinear system

Consider the scalar nonlinear system
_ T
2(1 + 3)
A standard numerical scheme is applied to DPE (7)

using the following discretized input bound spate
state spaceX and control spac¥':

3

+ uy, (24)

Te+1 =

A={0eR:0<5<3}y, 301>
X ={zeR:|z[ <15}y, 1501
U = {ueR:|ul <8}y, o0+ 6 €A

Here, Na, Nx and Ny respectively refer to the
number of points in each of the discretized spaftes
X and U°. The result of the applying DPE (7) over
these discretized spaces is an approximationVfér
With V4 (x, k) computed for alls € A, computation
of approximations for the remaining quantities is then
possible.

ISS4¢ property: Computing V2 (x) from definition

in the minimal transient bound case, this implies thafg) yields (in this case) functions that are independent

the transient bound, is too small to be a candidate
transient bound for 1SS,x. To illustrate that this

system is IS§.«, choose the slightly larger transient

bound
ﬁmax(‘sv k) = (1 + e)ﬂa(sa k)
wheree > 0, then
(12

0 = (1+3) +1) 200),

which is of classk. Theorem 4.8 then implies that
system (20) is 1SS.x With (Bumax, ¥272), Bmax =
(1+¢)Ba.

:ngax

of 2. Vo theg follows from definition (10). Note
that since‘z(%’cxi) < ]%k , it is easy to prove that
Yoo (8) < 283, thereby providing a useful upper bound
for this gain.s3, likewise follows from definition (12).
The resulting approximations are illustrated in Figures
2 and 3 respectively. A§, € KL andv,, € K (at least
over the discretized spaces used in the computation),
Theorem 4.3 implies that system (24) is lgSwith

(ﬂaa’Yoo)-

The results about the ISSproperty and the ISS.x
property are omitted due to the space limitation.
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(6]

(7]

(8]

(9]

[10]

[11]

Fig. 3. Ba(s,k) for system (24).

VI. CONCLUSIONS [12]
We have presented results for verifying different char-
acterizations of ISS via dynamic programming. For-
mulas for minimum nonlinear gains and bounds o
transients for different characterizations are presentet.
We illustrated our approach by three examples.

3]

14
VIl. ACKNOWLEDGMENTS [14]

We wish to thank Yuan Wang and Lars ite for [15]
indicating to us several useful references. Especially,
Yuan Wang provided us the Example 1 in this paper.

VI, o]

REFERENCES

[1] D. Angeli, A Lyapunov approach to incremental [17]
stability properties IEEE Trans. Aut. Contr47,
410-422, 2002.

M.A. Dahleh and |.J. Diaz-Bobillo, “Control
of Uncertain Systems: A Linear Programming
Approach”, Prentice-Hall, Englewood Cliffs, NJ,
1995. [19]
[.J. Fialho and T.T. Georgiolorst Case Anal-

ysis of Nonlinear SystemdEEE Trans. Aut.
Control, 44(6), 1180-1196, 1999.

K. Gao and Y. Lin,On equivalent notions of
input-to-state stability for nonlinear discrete time
systemsProc. of IASTED International Confer-
ence on Control and Applications, May 2000, 81120]
87.

J.W. Helton and M.R. Jamegxtending H>
control to nonlinear systems: control of nonlin-
ear systems to achieve performance objectives
SIAM: Philadelphia, 1999.

(2] [18]

[3]

[4]

[5]

5073

S. Huang and M.R. Jameg:°-Bounded Ro-
bustness for Nonlinear Systems: Analysis and
SynthesislEEE Trans. Aut. Control. (to appear)
S. Huang, M.R. James, D. Eié and P. Dower,
Analysis of Input to State Stability for Discrete
Time Nonlinear Systems via Dynamic Program-
ming, submitted to Automatica, 2002.

Z.P. Jiang and Y. Wangdhput-to-state stability
for discrete-time nonlinear system&utomatica,
37, 857-869, 2001.

Z.P. Jiang and Y. WangA converse Lyapunov
thereom for discrete-time systems with distur-
bancs Systems& Control Letters,45, 49-58,
2002.

Z.-P. Jiang, A.R.Teel and L.Pral{small gain
theorem for ISS systems and applicatiokiath.
Contr. Sign. Syst.7, 95-120, 1994,

Z.-P. Jiang, I.M.Y. Mareels and Y. Wang
Lyapunov formulation of the nonlinear small gain
theorem for interconnected ISS systersito-
matica,32, 1211-1215, 1996.

Z.-P. Jiang and I.M.Y. MareelsA small gain
control method for nonlinear cascaded systems
with dynamic uncertainties|IEEE Trans. Au-
tomat. Contr.42, 292-308, 1997.

E.D. Sontag,Smooth stabilization implies co-
prime factorization IEEE Trans. Aut. Control,
34, 435-443, 1989.

E.D. Sontag,Further facts about input to state
stabilization IEEE Trans. Aut. Control35, 473-
476, 1990.

E.D. Sontag and Y. WangQDn characteriza-
tions of the input-to-state stability propertgyst.
Contr. Lett.,24, 351-359, 1995.

E.D. Sontag and Y. WandNew characterizations
of input to state stabilitylEEE Trans. Aut. Con-
trol, 41, 1283-1294, 1996.

E.D. Sontag and Y. Wangd\otions of input to
output stability Systems and Control Letter38,
235-248, 1999.

E.D. Sontag and Y. Wand,yapunov character-
izations of input to output stabilitySIAM J.
Control and Opt39, 226-249, 2001.

9] E.D. Sontag,The ISS philosophy as a unifying

framework for stability-like behavigin Nonlin-
ear Control in the Year 2000 (Volume 2) (Lecture
Notes in Control and Information Sciences, A.
Isidori, F. Lamnabhi-Lagarrigue and W. Respon-
dek, eds.), Springer-Verlag, Berlin, 2000, pp.
443-468.

A.R. Teel,A nonlinear small gain theorem for the
analysis of control systems with saturatidBEE
Trans. Automat. Contr4l, 1256-1270, 1996.



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print

	header: Proceedings of the 42nd IEEE      Conference on Decision and Control      Maui, Hawaii USA, December 2003
	session: FrA14-1
	footer: 0-7803-7924-1/03/$17.00 ©2003 IEEE
	01: 5068
	02: 5069
	03: 5070
	04: 5071
	05: 5072
	06: 5073


